
Acoustic oscillations
So much for the general picture. Now let’s look at the details!

The tightly coupled limit:

Before recombination (η*), mean free path for a photon was much smaller 
than horizon.

⌧(⌘) ⌘
Z ⌘0

⌘
d⌘0ne�Ta

<latexit sha1_base64="LiVFzG6zMvjgbzq54RZQwR7U9+o="></latexit><latexit sha1_base64="LiVFzG6zMvjgbzq54RZQwR7U9+o="></latexit>

Define optical depth as integral of neσTa over (conformal) time:

with derivative:
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Tightly coupled limit corresponds to τ >> 1.
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Higher-order moments of radiation field are then negligible: Θ “looks the same in every 
direction”, apart from spatial and velocity dependencies. We only need to consider
[Θ0(x, t)] - Monopole
[Θ1(x, t)] - Dipole

(see Sect. 8.3.1 for formal derivation).

Tightly coupled limit corresponds to τ >> 1 
(last scattering surface much smaller than 
horizon)



Multipole moments
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Define the lth multipole moment of the temperature perturbations Θ 
as

P0(µ) = 1
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The first three Legendre polynomials are defined as:
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Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:

⇥̇+ ikµ⇥ = ��̇� ikµ + ne�Ta [⇥0 �⇥+ µvb]
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General version:

Next: obtain two new equations by multiplying by P0 and P1
and integrating over all μ, dropping higher-order moments.
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Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:
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P0, left-hand side: = 2⇥̇0 + 2k⇥1
<latexit sha1_base64="4HJzX+atdsVE/hSmcUENLKzxQJ4="></latexit><latexit sha1_base64="4HJzX+atdsVE/hSmcUENLKzxQJ4="></latexit>

P0, right-hand side:
Z 1

�1
dµ

⇣
��̇� ikµ � ⌧̇ [⇥0 �⇥+ µvb]

⌘
= �

Z 1

�1
dµ�̇� ik

Z 1

�1
dµµ � ⌧̇

Z 1

�1
dµ(⇥0 �⇥) + vb

Z 1

�1
dµµ

�

<latexit sha1_base64="dZ58JmHSG8Hfk8ALbXKp7zE148U="></latexit><latexit sha1_base64="dZ58JmHSG8Hfk8ALbXKp7zE148U="></latexit>

0<latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit><latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit>�2�̇<latexit sha1_base64="Hu0W43xVcDHocnHQQet2azlbE5w=">AAACD3icbVDLSsNAFJ34rPVVdelmsAhuLEkR7bKgC5cVjC00oUwmk3bozCTOTJQS8hNu3OpfuBK3foI/4Tc4abPQ1gMXDufcw72cIGFUadv+spaWV1bX1isb1c2t7Z3d2t7+nYpTiYmLYxbLXoAUYVQQV1PNSC+RBPGAkW4wviz87gORisbiVk8S4nM0FDSiGGkj+adN6IWxzrzOiOaDWt1u2FPAReKUpA5KdAa1bxPGKSdCY4aU6jt2ov0MSU0xI3nVSxVJEB6jIekbKhAnys+mT+fw2CghjGJpRmg4VX8nMsSVmvDAbHKkR2reK8T/vH6qo5afUZGkmgg8OxSlDOoYFg3AkEqCNZsYgrCk5leIR0girE1PVU+QRxxzjkSYeVd55hUHJM/CPK+agpz5OhaJ22ycN+ybs3q7VTZVAYfgCJwAB1yANrgGHeACDO7BM3gBr9aT9Wa9Wx+z1SWrzByAP7A+fwDR651h</latexit><latexit sha1_base64="Hu0W43xVcDHocnHQQet2azlbE5w=">AAACD3icbVDLSsNAFJ34rPVVdelmsAhuLEkR7bKgC5cVjC00oUwmk3bozCTOTJQS8hNu3OpfuBK3foI/4Tc4abPQ1gMXDufcw72cIGFUadv+spaWV1bX1isb1c2t7Z3d2t7+nYpTiYmLYxbLXoAUYVQQV1PNSC+RBPGAkW4wviz87gORisbiVk8S4nM0FDSiGGkj+adN6IWxzrzOiOaDWt1u2FPAReKUpA5KdAa1bxPGKSdCY4aU6jt2ov0MSU0xI3nVSxVJEB6jIekbKhAnys+mT+fw2CghjGJpRmg4VX8nMsSVmvDAbHKkR2reK8T/vH6qo5afUZGkmgg8OxSlDOoYFg3AkEqCNZsYgrCk5leIR0girE1PVU+QRxxzjkSYeVd55hUHJM/CPK+agpz5OhaJ22ycN+ybs3q7VTZVAYfgCJwAB1yANrgGHeACDO7BM3gBr9aT9Wa9Wx+z1SWrzByAP7A+fwDR651h</latexit>

�2⌧̇⇥0
<latexit sha1_base64="UefSCQ9tCzySvGTW2ZZu/QQXEfA=">AAACG3icbVA9SwNBEN3z2/gVtbCwWQyCjeEiopaCFpYKRoVcCHN7E7O4u3fszinhuL9iY6v/wkpsLfwT/gY3MYVfDwYe783s7Lw4U9JRGL4HY+MTk1PTM7OVufmFxaXq8sqFS3MrsClSldqrGBwqabBJkhReZRZBxwov45ujgX95i9bJ1JxTP8O2hmsju1IAealTXdvmOzxKUioigrzk0XkPCTphp1oL6+EQ/C9pjEiNjXDaqX74V0Su0ZBQ4FyrEWbULsCSFArLSpQ7zEDcwDW2PDWg0bWL4QEl3/RKwrup9WWID9XvEwVo5/o69p0aqOd+ewPxP6+VU/egXUiT5YRGfC3q5opTygdp8ERaFKT6noCw0v+Vix5YEOQzq0QG70SqNZikiI7LIhossLpIyrLiA2r8juMvae7U9+rh2W7t8GCU1AxbZxtsizXYPjtkJ+yUNZlgJXtgj+wpuA+eg5fg9at1LBjNrLIfCN4+AVAXoUA=</latexit><latexit sha1_base64="UefSCQ9tCzySvGTW2ZZu/QQXEfA=">AAACG3icbVA9SwNBEN3z2/gVtbCwWQyCjeEiopaCFpYKRoVcCHN7E7O4u3fszinhuL9iY6v/wkpsLfwT/gY3MYVfDwYe783s7Lw4U9JRGL4HY+MTk1PTM7OVufmFxaXq8sqFS3MrsClSldqrGBwqabBJkhReZRZBxwov45ujgX95i9bJ1JxTP8O2hmsju1IAealTXdvmOzxKUioigrzk0XkPCTphp1oL6+EQ/C9pjEiNjXDaqX74V0Su0ZBQ4FyrEWbULsCSFArLSpQ7zEDcwDW2PDWg0bWL4QEl3/RKwrup9WWID9XvEwVo5/o69p0aqOd+ewPxP6+VU/egXUiT5YRGfC3q5opTygdp8ERaFKT6noCw0v+Vix5YEOQzq0QG70SqNZikiI7LIhossLpIyrLiA2r8juMvae7U9+rh2W7t8GCU1AxbZxtsizXYPjtkJ+yUNZlgJXtgj+wpuA+eg5fg9at1LBjNrLIfCN4+AVAXoUA=</latexit>

2⌧̇⇥0
<latexit sha1_base64="47biCtFTS4aGFcvt+Kxg8wGytFY=">AAACGXicbVC7ThtBFJ2F8Ih5xBClSjOKhURlrREKLpGgoCQSji15Levu7LU9YmZ2NXMXZI32T2ho4S+oEC1VfiLfkPGjSCBHutLROfelkxZKOorjX9HK6oe19Y3Nj7Wt7Z3dT/W9/Z8uL63AjshVbnspOFTSYIckKewVFkGnCrvp9dnM796gdTI3VzQtcKBhbORICqAgDetfjniS5eQTgrLiydUECYbxsN6Im/Ec/D1pLUmDLXE5rP8OW0Sp0ZBQ4Fy/FRc08GBJCoVVLSkdFiCuYYz9QA1odAM/f7/iB0HJ+Ci3oQzxufr3hAft3FSnoVMDTdxbbyb+z+uXNGoPvDRFSWjE4tCoVJxyPsuCZ9KiIDUNBISV4VcuJmBBUEislhi8FbnWYDKfnFc+mR2w2mdVVQsBtd7G8Z50jprfm/GP48Zpe5nUJvvKvrFD1mIn7JRdsEvWYYJ5ds8e2GN0Fz1Fz9HLonUlWs58Zv8gev0Dgimg3w==</latexit><latexit sha1_base64="47biCtFTS4aGFcvt+Kxg8wGytFY=">AAACGXicbVC7ThtBFJ2F8Ih5xBClSjOKhURlrREKLpGgoCQSji15Levu7LU9YmZ2NXMXZI32T2ho4S+oEC1VfiLfkPGjSCBHutLROfelkxZKOorjX9HK6oe19Y3Nj7Wt7Z3dT/W9/Z8uL63AjshVbnspOFTSYIckKewVFkGnCrvp9dnM796gdTI3VzQtcKBhbORICqAgDetfjniS5eQTgrLiydUECYbxsN6Im/Ec/D1pLUmDLXE5rP8OW0Sp0ZBQ4Fy/FRc08GBJCoVVLSkdFiCuYYz9QA1odAM/f7/iB0HJ+Ci3oQzxufr3hAft3FSnoVMDTdxbbyb+z+uXNGoPvDRFSWjE4tCoVJxyPsuCZ9KiIDUNBISV4VcuJmBBUEislhi8FbnWYDKfnFc+mR2w2mdVVQsBtd7G8Z50jprfm/GP48Zpe5nUJvvKvrFD1mIn7JRdsEvWYYJ5ds8e2GN0Fz1Fz9HLonUlWs58Zv8gev0Dgimg3w==</latexit>

0<latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit><latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit>

Equating l.h. and r.h. sides:

⇥̇0 + k⇥1 = ��̇
<latexit sha1_base64="itgnU14W1/DxCvP+vuIJanNZd1c="></latexit><latexit sha1_base64="itgnU14W1/DxCvP+vuIJanNZd1c="></latexit>



Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:

⇥̇+ ikµ⇥ = ��̇� ikµ + ne�Ta [⇥0 �⇥+ µvb]
<latexit sha1_base64="v0nJDe4n+rj5zk13aOc7Tvov/UQ="></latexit><latexit sha1_base64="v0nJDe4n+rj5zk13aOc7Tvov/UQ="></latexit>

General version:

⇥l ⌘
1

(�i)l

Z 1

�1

dµ

2
Pl(µ)⇥(µ)

<latexit sha1_base64="j4T7bPhXHV2YbbKKJAefq1aeqgM="></latexit><latexit sha1_base64="j4T7bPhXHV2YbbKKJAefq1aeqgM="></latexit>

P1(µ) = µ
<latexit sha1_base64="23LlXO36ZnhHmWsfNLA9XwyjVnc=">AAACHXicbZBPS8MwGMZT/875b+pJvASHMC+jFdFdhIEePE6wbrCOkabZFpakJUmVUYpfxYtX/RaexKv4JfwMpl0PuvlCyMPzvC958/MjRpW27S9rYXFpeWW1tFZe39jc2q7s7N6pMJaYuDhkoez4SBFGBXE11Yx0IkkQ9xlp++PLLG/fE6loKG71JCI9joaCDihG2lj9yr7HkR5hxJJW2ndqHo+P4QU0V7lfqdp1Oy84L5xCVEFRrX7l2wtCHHMiNGZIqa5jR7qXIKkpZiQte7EiEcJjNCRdIwXiRPWS/AspPDJOAAehNEdomLu/JxLElZpw33RmC6vZLDP/y7qxHjR6CRVRrInA04cGMYM6hBkPGFBJsGYTIxCW1OwK8QhJhLWhVvYEecAh50gEiXeVJjktyZMgTTNAziyOeeGe1M/q9s1ptdkoSJXAATgENeCAc9AE16AFXIDBI3gGL+DVerLerHfrY9q6YBUze+BPWZ8/iYGh1Q==</latexit><latexit sha1_base64="23LlXO36ZnhHmWsfNLA9XwyjVnc=">AAACHXicbZBPS8MwGMZT/875b+pJvASHMC+jFdFdhIEePE6wbrCOkabZFpakJUmVUYpfxYtX/RaexKv4JfwMpl0PuvlCyMPzvC958/MjRpW27S9rYXFpeWW1tFZe39jc2q7s7N6pMJaYuDhkoez4SBFGBXE11Yx0IkkQ9xlp++PLLG/fE6loKG71JCI9joaCDihG2lj9yr7HkR5hxJJW2ndqHo+P4QU0V7lfqdp1Oy84L5xCVEFRrX7l2wtCHHMiNGZIqa5jR7qXIKkpZiQte7EiEcJjNCRdIwXiRPWS/AspPDJOAAehNEdomLu/JxLElZpw33RmC6vZLDP/y7qxHjR6CRVRrInA04cGMYM6hBkPGFBJsGYTIxCW1OwK8QhJhLWhVvYEecAh50gEiXeVJjktyZMgTTNAziyOeeGe1M/q9s1ptdkoSJXAATgENeCAc9AE16AFXIDBI3gGL+DVerLerHfrY9q6YBUze+BPWZ8/iYGh1Q==</latexit>

P0(µ) = 1
<latexit sha1_base64="DRAR851hAW9WHKhQR8XTNZ7Nwm4=">AAACG3icbZDNSsNAFIUn9a/Wv6gLF24Gi1A3JRHRboSCLlxWsLbQlDCZTNqhM5MwM1FKyKu4catv4UrcuvAlfAYnbRfaemDgcO693DtfkDCqtON8WaWl5ZXVtfJ6ZWNza3vH3t27V3EqMWnjmMWyGyBFGBWkralmpJtIgnjASCcYXRX1zgORisbiTo8T0udoIGhEMdIm8u0DjyM9xIhlrdx3ah5PT+AldCu+XXXqzkRw0bgzUwUztXz72wtjnHIiNGZIqZ7rJLqfIakpZiSveKkiCcIjNCA9YwXiRPWzyQdyeGySEEaxNE9oOEl/T2SIKzXmgekszlXztSL8r9ZLddToZ1QkqSYCTxdFKYM6hgUNGFJJsGZjYxCW1NwK8RBJhLVhVvEEecQx50iEmXedZxNWkmdhnheA3Hkci6Z9Wj+vO7dn1WZjRqoMDsERqAEXXIAmuAEt0AYY5OAZvIBX68l6s96tj2lryZrN7IM/sj5/AHiroLM=</latexit><latexit sha1_base64="DRAR851hAW9WHKhQR8XTNZ7Nwm4=">AAACG3icbZDNSsNAFIUn9a/Wv6gLF24Gi1A3JRHRboSCLlxWsLbQlDCZTNqhM5MwM1FKyKu4catv4UrcuvAlfAYnbRfaemDgcO693DtfkDCqtON8WaWl5ZXVtfJ6ZWNza3vH3t27V3EqMWnjmMWyGyBFGBWkralmpJtIgnjASCcYXRX1zgORisbiTo8T0udoIGhEMdIm8u0DjyM9xIhlrdx3ah5PT+AldCu+XXXqzkRw0bgzUwUztXz72wtjnHIiNGZIqZ7rJLqfIakpZiSveKkiCcIjNCA9YwXiRPWzyQdyeGySEEaxNE9oOEl/T2SIKzXmgekszlXztSL8r9ZLddToZ1QkqSYCTxdFKYM6hgUNGFJJsGZjYxCW1NwK8RBJhLVhVvEEecQx50iEmXedZxNWkmdhnheA3Hkci6Z9Wj+vO7dn1WZjRqoMDsERqAEXXIAmuAEt0AYY5OAZvIBX68l6s96tj2lryZrN7IM/sj5/AHiroLM=</latexit>

P1, left-hand side:
Z 1

�1
dµµ

⇣
⇥̇+ ikµ⇥

⌘
= �2i⇥̇1 + ik

Z 1

�1
dµµ2⇥

<latexit sha1_base64="3RlR6jChKx7LNFES+71np5kSU94="></latexit><latexit sha1_base64="3RlR6jChKx7LNFES+71np5kSU94="></latexit>

= �2i⇥̇1 + 2ik

✓
1

3
⇥0 �

2

3
⇥2

◆

<latexit sha1_base64="eQDkIBdhF1laZr1xc/ZYZ+nT6l0="></latexit><latexit sha1_base64="eQDkIBdhF1laZr1xc/ZYZ+nT6l0="></latexit>

Exercise



Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:

⇥̇+ ikµ⇥ = ��̇� ikµ + ne�Ta [⇥0 �⇥+ µvb]
<latexit sha1_base64="v0nJDe4n+rj5zk13aOc7Tvov/UQ="></latexit><latexit sha1_base64="v0nJDe4n+rj5zk13aOc7Tvov/UQ="></latexit>

General version:

⇥l ⌘
1

(�i)l

Z 1

�1

dµ

2
Pl(µ)⇥(µ)

<latexit sha1_base64="j4T7bPhXHV2YbbKKJAefq1aeqgM="></latexit><latexit sha1_base64="j4T7bPhXHV2YbbKKJAefq1aeqgM="></latexit>

P1(µ) = µ
<latexit sha1_base64="23LlXO36ZnhHmWsfNLA9XwyjVnc=">AAACHXicbZBPS8MwGMZT/875b+pJvASHMC+jFdFdhIEePE6wbrCOkabZFpakJUmVUYpfxYtX/RaexKv4JfwMpl0PuvlCyMPzvC958/MjRpW27S9rYXFpeWW1tFZe39jc2q7s7N6pMJaYuDhkoez4SBFGBXE11Yx0IkkQ9xlp++PLLG/fE6loKG71JCI9joaCDihG2lj9yr7HkR5hxJJW2ndqHo+P4QU0V7lfqdp1Oy84L5xCVEFRrX7l2wtCHHMiNGZIqa5jR7qXIKkpZiQte7EiEcJjNCRdIwXiRPWS/AspPDJOAAehNEdomLu/JxLElZpw33RmC6vZLDP/y7qxHjR6CRVRrInA04cGMYM6hBkPGFBJsGYTIxCW1OwK8QhJhLWhVvYEecAh50gEiXeVJjktyZMgTTNAziyOeeGe1M/q9s1ptdkoSJXAATgENeCAc9AE16AFXIDBI3gGL+DVerLerHfrY9q6YBUze+BPWZ8/iYGh1Q==</latexit><latexit sha1_base64="23LlXO36ZnhHmWsfNLA9XwyjVnc=">AAACHXicbZBPS8MwGMZT/875b+pJvASHMC+jFdFdhIEePE6wbrCOkabZFpakJUmVUYpfxYtX/RaexKv4JfwMpl0PuvlCyMPzvC958/MjRpW27S9rYXFpeWW1tFZe39jc2q7s7N6pMJaYuDhkoez4SBFGBXE11Yx0IkkQ9xlp++PLLG/fE6loKG71JCI9joaCDihG2lj9yr7HkR5hxJJW2ndqHo+P4QU0V7lfqdp1Oy84L5xCVEFRrX7l2wtCHHMiNGZIqa5jR7qXIKkpZiQte7EiEcJjNCRdIwXiRPWS/AspPDJOAAehNEdomLu/JxLElZpw33RmC6vZLDP/y7qxHjR6CRVRrInA04cGMYM6hBkPGFBJsGYTIxCW1OwK8QhJhLWhVvYEecAh50gEiXeVJjktyZMgTTNAziyOeeGe1M/q9s1ptdkoSJXAATgENeCAc9AE16AFXIDBI3gGL+DVerLerHfrY9q6YBUze+BPWZ8/iYGh1Q==</latexit>

P0(µ) = 1
<latexit sha1_base64="DRAR851hAW9WHKhQR8XTNZ7Nwm4=">AAACG3icbZDNSsNAFIUn9a/Wv6gLF24Gi1A3JRHRboSCLlxWsLbQlDCZTNqhM5MwM1FKyKu4catv4UrcuvAlfAYnbRfaemDgcO693DtfkDCqtON8WaWl5ZXVtfJ6ZWNza3vH3t27V3EqMWnjmMWyGyBFGBWkralmpJtIgnjASCcYXRX1zgORisbiTo8T0udoIGhEMdIm8u0DjyM9xIhlrdx3ah5PT+AldCu+XXXqzkRw0bgzUwUztXz72wtjnHIiNGZIqZ7rJLqfIakpZiSveKkiCcIjNCA9YwXiRPWzyQdyeGySEEaxNE9oOEl/T2SIKzXmgekszlXztSL8r9ZLddToZ1QkqSYCTxdFKYM6hgUNGFJJsGZjYxCW1NwK8RBJhLVhVvEEecQx50iEmXedZxNWkmdhnheA3Hkci6Z9Wj+vO7dn1WZjRqoMDsERqAEXXIAmuAEt0AYY5OAZvIBX68l6s96tj2lryZrN7IM/sj5/AHiroLM=</latexit><latexit sha1_base64="DRAR851hAW9WHKhQR8XTNZ7Nwm4=">AAACG3icbZDNSsNAFIUn9a/Wv6gLF24Gi1A3JRHRboSCLlxWsLbQlDCZTNqhM5MwM1FKyKu4catv4UrcuvAlfAYnbRfaemDgcO693DtfkDCqtON8WaWl5ZXVtfJ6ZWNza3vH3t27V3EqMWnjmMWyGyBFGBWkralmpJtIgnjASCcYXRX1zgORisbiTo8T0udoIGhEMdIm8u0DjyM9xIhlrdx3ah5PT+AldCu+XXXqzkRw0bgzUwUztXz72wtjnHIiNGZIqZ7rJLqfIakpZiSveKkiCcIjNCA9YwXiRPWzyQdyeGySEEaxNE9oOEl/T2SIKzXmgekszlXztSL8r9ZLddToZ1QkqSYCTxdFKYM6hgUNGFJJsGZjYxCW1NwK8RBJhLVhVvEEecQx50iEmXedZxNWkmdhnheA3Hkci6Z9Wj+vO7dn1WZjRqoMDsERqAEXXIAmuAEt0AYY5OAZvIBX68l6s96tj2lryZrN7IM/sj5/AHiroLM=</latexit>

P1, right-hand side:
Z 1

�1
dµµ

⇣
��̇� ikµ � ⌧̇ [⇥0 �⇥+ µvb]

⌘
=

<latexit sha1_base64="xLgiyCl/IAiXCj5X/I1xlMmBoZc="></latexit><latexit sha1_base64="xLgiyCl/IAiXCj5X/I1xlMmBoZc="></latexit>

�
Z 1

�1
dµµ�̇� ik

Z 1

�1
dµµ2 � ⌧̇

Z 1

�1
dµµ(⇥0 �⇥) + vb

Z 1

�1
dµµ2

�

<latexit sha1_base64="EufvtkWG0/MABABYqn+rgN9aDSo="></latexit><latexit sha1_base64="EufvtkWG0/MABABYqn+rgN9aDSo="></latexit>

0<latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit><latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit>�2

3
ik 
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Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:
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Dividing by 2i and dropping the Θ2 term:



Acoustic oscillations
Moments of the Boltzmann equation for photons:
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For vb, invoke the B.E. for baryons:

Two equations for ϴ0 and ϴ1 and their derivatives.
We would like to have a single equation for each multipole (and eliminate vb).



The Boltzmann equations

- (Cold) dark matter:  no collision terms;  particles are non-relativistic. 

       Density fluctuations: 

       Velocity field:

˙̃� + ikṽ + 3 ˙̃� = 0
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ȧ

a
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- Neutrinos: similar to photons, but no collision terms

- Baryons: Collision terms from Coulomb scattering; 
˙̃�b + ikṽb + 3 ˙̃� = 0
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For vb, invoke the B.E. for baryons:
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where

Insert in B.E. for photons (first moment):
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Second term proportional to 1/τ, i.e. small in tightly coupled regime. We thus 
expand using vb~-3iΘ1:
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Collecting the terms proportional to Θ0, Θ1, Θ1, we get
.

Differentiating                                  we get⇥̇0 + k⇥1 = ��̇
<latexit sha1_base64="itgnU14W1/DxCvP+vuIJanNZd1c="></latexit><latexit sha1_base64="itgnU14W1/DxCvP+vuIJanNZd1c="></latexit>

⇥̈0 + k⇥̇1 = ��̈
<latexit sha1_base64="1lICENqr1eIbqpuHKBA5jOH9QQU="></latexit><latexit sha1_base64="1lICENqr1eIbqpuHKBA5jOH9QQU="></latexit>

And we can eliminate Θ1:
.

⇥̈0 + k

✓
k 

3
� R

(1 +R)

ȧ
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Use                               once again to eliminate⇥̇0 + k⇥1 = ��̇
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Collecting the 𝚽 and 𝛙 terms in F(k, η),  introducing the sound speed                    
and re-arranging, we finally get an equation for the monopole oscillations:
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Acoustic oscillations
Monopole oscillations:
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Note similarity to classical (damped, forced) harmonic oscillator!
This justifies the “spring analogies” that we discussed earlier.

ẍ+
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Solutions
Monopole at recombination in a standard CDM Universe



Dipole perturbations

ϴ1 is out of phase with ϴ0:

The dipole (“velocity”) is 
small at maximum 
compression/rarefaction of 
the monopole, and vice 
versa.



Damping
Perturbations on small scales (large k) are “washed out” by scattering 
of photons off of free electrons:

Number of scatterings in a Hubble time ~ 
ne�TH

�1
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- Scale where damping becomes important depends (inversely) on baryon density



Damping

Late epochs, close 
to recombination:

λMFP increases as ne 
decreases.



2 Cosmic background radiation

of ℓ. because of the strong foreground signals in the Galactic Plane,
even ‘all-sky’ surveys, such as COBE and WMAP involve a cut
sky. The amount of binning required to obtain uncorrelated esti-
mates of power also depends on the map size.

Figure 1: Plot of the theoretical CMB anisotropy power
spectrum, using a standard ΛCDM model from CMBFAST. The
x-axis is logarithmic here. The regions are labeled as in the
text: the ISW Rise; Sachs-Wolfe Plateau; Acoustic Peaks;
and Damping Tail. Also shown is the shape of the tensor
(gravity wave) contribution, with an arbitrary normalization.

3. Cosmological Parameters

The current ‘Standard Model’ of cosmology contains around 10
free parameters (see Cosmological Parameters’ mini-review [12]).
The basic framework is the Friedmann-Robertson-Walker metric
(i.e., a universe that is approximately homogeneous and isotropic
on large scales), with density perturbations laid down at early
times and evolving into today’s structures (see ‘Big-Bang Cosmol-
ogy’ mini-review [13]). These perturbations can be either ‘adia-
batic’ (meaning that there is no change to the entropy per particle
for each species, i.e., δρ/ρ for matter is (3/4)δρ/ρ for radiation) or
‘isocurvature’ (meaning that, for example, matter perturbations
compensate radiation perturbations so that the total energy den-
sity remains unperturbed, i.e., δρ for matter is −δρ for radiation).
These different modes give rise to distinct phases during growth,
and the adiabatic scenario is strongly preferred by the data. Mod-
els that generate mainly isocurvature type perturbations (such as
most topological defect scenarios) are no longer considered to be
viable.

Within the adiabatic family of models, there, is in principle,
a free function describing how the comoving curvature perturba-
tions, R, vary with scale. In inflationary models, the Taylor series
expansion of lnR(lnk) has terms of steadily decreasing size. For
the simplest models, there are thus 2 parameters describing the
initial conditions for density perturbations: the amplitude and

slope of the power spectrum,
〈

|R|2
〉

∝ kn. This can be explicitly

defined, for example, through:

∆2
R

≡ (k3/2π2)
〈

|R|2
〉

,

and using A2 ≡ ∆2
R

(k0) with k0 = 0.05Mpc−1. There are many
other equally valid definitions of the amplitude parameter (see also
Refs. [12] and [13]), and we caution that the relationships between
some of them can be cosmology dependent. In ‘slow roll’ inflation-
ary models this normalization is proportional to the combination

V 3/(V ′)2, for the inflationary potential V (φ). The slope n also
involves V ′′, and so the combination of A and n can, in principle,
constrain potentials.

Inflationary models can generate tensor (gravity wave) modes
as well as scalar (density perturbation) modes. This fact intro-
duces another parameter measuring the amplitude of a possible
tensor component, or equivalently the ratio of the tensor to scalar
contributions. The tensor amplitude AT ∝ V , and thus one ex-
pects a larger gravity wave contribution in models where inflation
happens at higher energies. The tensor power spectrum also has
a slope, often denoted nT, but since this seems likely to be ex-
tremely hard to measure, it is sufficient for now to focus only on
the amplitude of the gravity wave component. It is most common
to define the tensor contribution through r, the ratio of tensor to
scalar perturbation spectra at large scales (say k = 0.002Mpc−1).
There are other definitions in terms of the ratio of contributions
to C2, for example. Different inflationary potentials will lead to
different predictions, e.g. for λφ4 inflation, r = 0.32, while other
models can have arbitrarily small values of r. In any case, what-
ever the specific definition, and whether they come from inflation
or something else, the ‘initial conditions’ give rise to a minimum
of 3 parameters: A, n and r.

The background cosmology requires an expansion parameter
(the Hubble Constant, H0, often represented through H0 =
100hkms−1Mpc−1) and several parameters to describe the mat-
ter and energy content of the Universe. These are usually given
in terms of the critical density, i.e., for species ‘x’, Ωx = ρx/ρcrit,
where ρcrit = 3H2

0/8πG. Since physical densities ρx ∝ Ωxh2 ≡ ωx
are what govern the physics of the CMB anisotropies, it is these
ωs that are best constrained by CMB data. In particular CMB
observations constrain ΩBh2 for baryons and ΩMh2 for baryons
plus Cold Dark Matter.

The contribution of a cosmological constant Λ (or other form of
Dark Energy) is usually included through a parameter which quan-
tifies the curvature, ΩK ≡ 1−Ωtot, where Ωtot = ΩM + ΩΛ. The
radiation content, while in principle a free parameter, is precisely
enough determined through the measurement of Tγ .

The main effect of astrophysical processes on the Cℓs comes
through reionization. The Universe became reionized at some red-
shift long after recombination, affecting the CMB through the in-
tegrated Thomson scattering optical depth:

τ =

∫ zi

0
σTne(z)

dt

dz
dz,

where σT is the Thomson cross-section, ne(z) is the number den-
sity of free electrons (which depends on astrophysics) and dt/dz
is fixed by the background cosmology. In principle, τ can be de-
termined from the small scale power spectrum together with the
physics of structure formation and feedback processes. However,
this is a sufficiently complicated calculation that τ needs to be
considered as a free parameter.

Thus we have 8 basic cosmological parameters: A, n, r, h,
ΩBh2, ΩMh2, Ωtot, and τ . One can add additional parameters
to this list, particularly when using the CMB in combination with
other data sets. The next most relevant ones might be: Ωνh2,
the massive neutrino contribution; w (≡ p/ρ), the equation of
state parameter for the Dark Energy; and dn/d lnk, measuring
deviations from a constant spectral index. To these 11 one could of
course add further parameters describing additional physics, such
as details of the reionization process, features in the initial power
spectrum, a sub-dominant contribution of isocurvature modes, etc.

As well as these underlying parameters, there are other quan-
tities that can be derived from them. Such quantities include the
actual Ωs of the various components (e.g., ΩM), the variance of
density perturbations at particular scales (e.g., σ8), the age of the
Universe today (t0), the age of the Universe at recombination,
reionization, etc.

Scott & Smoot 2004



Inhomogeneities to anisotropies
We have learned how to evolve an initial spectrum of perturbations 
forward in time, obtaining equations for:

- Mono- and dipoles of photon perturbations (ϴ0,ϴ1)
- Density perturbations of dark and baryonic matter (δ, δb)
- The potential and curvature terms (Ψ, Φ)

We have analysed the behaviour of ϴ0, ϴ1 in the tightly coupled limit, 
i.e., until recombination.

But how do the inhomogeneities at recombination translate into the 
anisotropies in the CMB observed today?



Inhomogeneities to anisotropies
How do the inhomogeneities at recombination translate into the 
anisotropies in the CMB observed today?

⇥̇+ ikµ⇥ = ��̇� ikµ � ⌧̇ [⇥0 �⇥+ µvb]
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Start again from the B.E. for photons:

We are now interested in the high order moments of ϴ that are visible as 
anisotropies in the CMB today.

So we need to
(1) Evolve ϴ forward until today
(2) Compute the multipole moments, ϴl.



Inhomogeneities to anisotropies
⇥̇+ ikµ⇥ = ��̇� ikµ � ⌧̇ [⇥0 �⇥+ µvb]
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Start by subtracting        from both sides:⌧̇⇥
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Then the left-hand side can be written

e�ikµ⌘+⌧ d

d⌘

⇥
⇥eikµ⌘�⌧

⇤

<latexit sha1_base64="bIHI1rR/mt+ywvVLKlII2PlC7QM="></latexit><latexit sha1_base64="bIHI1rR/mt+ywvVLKlII2PlC7QM="></latexit>

On the right-hand side we define the source function:
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Multiply both sides by                  ,  then integrate over ηeikµ⌘�⌧
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Inhomogeneities to anisotropies
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To calculate the moments, we then need to evaluate the usual integral, 
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Integrate over conformal time from ηinit = 0 to η0 (today):

That is,
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Inhomogeneities to anisotropies
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After performing the integral over angles, the source function can be rewritten as
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where g is the visibility function:

⇥l =

Z ⌘0

0
S(k, ⌘)jl[k(⌘0 � ⌘)]d⌘
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Then we get

where jl(x) is the spherical Bessel function of order l.



The visibility function

Dodelson, Modern Cosmology.
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Scattering rate, large 
at high z (large τ)

e�⌧
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Probability that a 
photon escapes - small 
for large τ

g(η) is strongly peaked 
around recombination.



Multipoles

Expanding S and integrating the middle term by parts,
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Terms weighted by g(η) - 
sharply peaked near 
recombination

}
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Late-time contributions from 
changing potentials: 
Sachs-Wolfe effect
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The visibility function and integrands

g(η) is sharply peaked near 
recombination, at η* 
corresponding to z~1100.

 Other factors vary much 
more slowly.



Inhomogeneities to anisotropies
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Approximating g(η) ~ δ(η-η*), we get:

Note: ϴl has three types of terms:
- Contributions from the monopole of the photon perturbations around η* . Note 

that the sum (ϴ0 + 𝛙) enters - photons have to “climb out” of the potentials.
- Contributions from the dipole - material moving into/out of perturbations
- Late-type modifications of ϴl by decaying potentials
- The Bessel functions “select” modes with kη > l.

⇥l(k, ⌘0) = [⇥0(k, ⌘
⇤) + (k, ⌘⇤)]jl[k(⌘0 � ⌘⇤)]

<latexit sha1_base64="Bz/tF7U3jSAuNmXzzb2SZYzbPvs="></latexit><latexit sha1_base64="Bz/tF7U3jSAuNmXzzb2SZYzbPvs="></latexit>



Spherical Bessel functions



One last thing..
We have derived expressions for the multipoles ϴl  of the photon perturbations today.

However, observers typically measure the Cl's, i.e. the (squared) coefficients of 
the spherical harmonic expansion of the temperature fluctuations.

Luckily, the transformation is relatively straight forward:

Cl =
2

⇡

Z 1

0
dk k2P (k)

����
⇥l(k)

�DM(k)

����
2

<latexit sha1_base64="1GZJKV5He5rb7V4bUrII+zT7PTY="></latexit><latexit sha1_base64="1GZJKV5He5rb7V4bUrII+zT7PTY="></latexit>

P(k) is the power spectrum of the DM perturbations and
δDM(k) are the corresponding Fourier coefficients.

(see chapter 8.5.2 in “Modern Cosmology” for the details).





Or.. download the (Fortran 90) code yourself: http://camb.info

http://camb.info


Or.. download the (Fortran 90) code yourself: http://camb.info

http://camb.info


CAMB output - examples: the CMB power-spectrum



CAMB output - examples: the matter power-spectrum

Small k (large scales):

Modes enter horizon in 
the matter dominated 
era, grow linearly - 
slope is equal to that of 
initial P(k)~k (e.g. from 
inflation)

Large k:

Modes enter 
horizon in the 
radiation dominated 
era, growth is 
suppressed by decaying 
potential. Smallest 
scales enter earlier and 
see more suppression.
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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The 2015 Planck temperature power-spectrum

Planck collaboration, 2015, http://arxiv.org/pdf/1502.01589v2.pdf

http://arxiv.org/pdf/1502.01589v2.pdf
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Table 4. Parameter 68 % confidence limits for the base ⇤CDM model from Planck CMB power spectra, in combination with
lensing reconstruction (“lensing”) and external data (“ext,” BAO+JLA+H0). Nuisance parameters are not listed for brevity (they
can be found in the Planck Legacy Archive tables), but the last three parameters give a summary measure of the total foreground
amplitude (in µK2) at ` = 2000 for the three high-` temperature spectra used by the likelihood. In all cases the helium mass fraction
used is predicted by BBN (posterior mean YP ⇡ 0.2453, with theoretical uncertainties in the BBN predictions dominating over the
Planck error on ⌦bh2).

TT+lowP TT+lowP+lensing TT+lowP+lensing+ext TT,TE,EE+lowP TT,TE,EE+lowP+lensing TT,TE,EE+lowP+lensing+ext
Parameter 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . . 0.02222 ± 0.00023 0.02226 ± 0.00023 0.02227 ± 0.00020 0.02225 ± 0.00016 0.02226 ± 0.00016 0.02230 ± 0.00014

⌦ch2 . . . . . . . . . . . 0.1197 ± 0.0022 0.1186 ± 0.0020 0.1184 ± 0.0012 0.1198 ± 0.0015 0.1193 ± 0.0014 0.1188 ± 0.0010

100✓MC . . . . . . . . . 1.04085 ± 0.00047 1.04103 ± 0.00046 1.04106 ± 0.00041 1.04077 ± 0.00032 1.04087 ± 0.00032 1.04093 ± 0.00030

⌧ . . . . . . . . . . . . . 0.078 ± 0.019 0.066 ± 0.016 0.067 ± 0.013 0.079 ± 0.017 0.063 ± 0.014 0.066 ± 0.012

ln(1010As) . . . . . . . . 3.089 ± 0.036 3.062 ± 0.029 3.064 ± 0.024 3.094 ± 0.034 3.059 ± 0.025 3.064 ± 0.023

ns . . . . . . . . . . . . 0.9655 ± 0.0062 0.9677 ± 0.0060 0.9681 ± 0.0044 0.9645 ± 0.0049 0.9653 ± 0.0048 0.9667 ± 0.0040

H0 . . . . . . . . . . . . 67.31 ± 0.96 67.81 ± 0.92 67.90 ± 0.55 67.27 ± 0.66 67.51 ± 0.64 67.74 ± 0.46

⌦⇤ . . . . . . . . . . . . 0.685 ± 0.013 0.692 ± 0.012 0.6935 ± 0.0072 0.6844 ± 0.0091 0.6879 ± 0.0087 0.6911 ± 0.0062

⌦m . . . . . . . . . . . . 0.315 ± 0.013 0.308 ± 0.012 0.3065 ± 0.0072 0.3156 ± 0.0091 0.3121 ± 0.0087 0.3089 ± 0.0062

⌦mh2 . . . . . . . . . . 0.1426 ± 0.0020 0.1415 ± 0.0019 0.1413 ± 0.0011 0.1427 ± 0.0014 0.1422 ± 0.0013 0.14170 ± 0.00097

⌦mh3 . . . . . . . . . . 0.09597 ± 0.00045 0.09591 ± 0.00045 0.09593 ± 0.00045 0.09601 ± 0.00029 0.09596 ± 0.00030 0.09598 ± 0.00029

�8 . . . . . . . . . . . . 0.829 ± 0.014 0.8149 ± 0.0093 0.8154 ± 0.0090 0.831 ± 0.013 0.8150 ± 0.0087 0.8159 ± 0.0086

�8⌦
0.5
m . . . . . . . . . . 0.466 ± 0.013 0.4521 ± 0.0088 0.4514 ± 0.0066 0.4668 ± 0.0098 0.4553 ± 0.0068 0.4535 ± 0.0059

�8⌦
0.25
m . . . . . . . . . 0.621 ± 0.013 0.6069 ± 0.0076 0.6066 ± 0.0070 0.623 ± 0.011 0.6091 ± 0.0067 0.6083 ± 0.0066

zre . . . . . . . . . . . . 9.9+1.8
�1.6 8.8+1.7

�1.4 8.9+1.3
�1.2 10.0+1.7

�1.5 8.5+1.4
�1.2 8.8+1.2

�1.1

109As . . . . . . . . . . 2.198+0.076
�0.085 2.139 ± 0.063 2.143 ± 0.051 2.207 ± 0.074 2.130 ± 0.053 2.142 ± 0.049

109Ase�2⌧ . . . . . . . . 1.880 ± 0.014 1.874 ± 0.013 1.873 ± 0.011 1.882 ± 0.012 1.878 ± 0.011 1.876 ± 0.011

Age/Gyr . . . . . . . . 13.813 ± 0.038 13.799 ± 0.038 13.796 ± 0.029 13.813 ± 0.026 13.807 ± 0.026 13.799 ± 0.021

z⇤ . . . . . . . . . . . . 1090.09 ± 0.42 1089.94 ± 0.42 1089.90 ± 0.30 1090.06 ± 0.30 1090.00 ± 0.29 1089.90 ± 0.23

r⇤ . . . . . . . . . . . . 144.61 ± 0.49 144.89 ± 0.44 144.93 ± 0.30 144.57 ± 0.32 144.71 ± 0.31 144.81 ± 0.24

100✓⇤ . . . . . . . . . . 1.04105 ± 0.00046 1.04122 ± 0.00045 1.04126 ± 0.00041 1.04096 ± 0.00032 1.04106 ± 0.00031 1.04112 ± 0.00029

zdrag . . . . . . . . . . . 1059.57 ± 0.46 1059.57 ± 0.47 1059.60 ± 0.44 1059.65 ± 0.31 1059.62 ± 0.31 1059.68 ± 0.29

rdrag . . . . . . . . . . . 147.33 ± 0.49 147.60 ± 0.43 147.63 ± 0.32 147.27 ± 0.31 147.41 ± 0.30 147.50 ± 0.24

kD . . . . . . . . . . . . 0.14050 ± 0.00052 0.14024 ± 0.00047 0.14022 ± 0.00042 0.14059 ± 0.00032 0.14044 ± 0.00032 0.14038 ± 0.00029

zeq . . . . . . . . . . . . 3393 ± 49 3365 ± 44 3361 ± 27 3395 ± 33 3382 ± 32 3371 ± 23

keq . . . . . . . . . . . . 0.01035 ± 0.00015 0.01027 ± 0.00014 0.010258 ± 0.000083 0.01036 ± 0.00010 0.010322 ± 0.000096 0.010288 ± 0.000071

100✓s,eq . . . . . . . . . 0.4502 ± 0.0047 0.4529 ± 0.0044 0.4533 ± 0.0026 0.4499 ± 0.0032 0.4512 ± 0.0031 0.4523 ± 0.0023

f 143
2000 . . . . . . . . . . . 29.9 ± 2.9 30.4 ± 2.9 30.3 ± 2.8 29.5 ± 2.7 30.2 ± 2.7 30.0 ± 2.7

f 143⇥217
2000 . . . . . . . . . 32.4 ± 2.1 32.8 ± 2.1 32.7 ± 2.0 32.2 ± 1.9 32.8 ± 1.9 32.6 ± 1.9

f 217
2000 . . . . . . . . . . . 106.0 ± 2.0 106.3 ± 2.0 106.2 ± 2.0 105.8 ± 1.9 106.2 ± 1.9 106.1 ± 1.8

Table 5. Constraints on 1-parameter extensions to the base⇤CDM model for combinations of Planck power spectra, Planck lensing,
and external data (BAO+JLA+H0, denoted “ext”). Note that we quote 95 % limits here.

Parameter TT TT+lensing TT+lensing+ext TT,TE,EE TT,TE,EE+lensing TT,TE,EE+lensing+ext

⌦K . . . . . . . . . . . . . . �0.052+0.049
�0.055 �0.005+0.016

�0.017 �0.0001+0.0054
�0.0052 �0.040+0.038

�0.041 �0.004+0.015
�0.015 0.0008+0.0040

�0.0039
⌃m⌫ [eV] . . . . . . . . . . < 0.715 < 0.675 < 0.234 < 0.492 < 0.589 < 0.194
Ne↵ . . . . . . . . . . . . . . 3.13+0.64

�0.63 3.13+0.62
�0.61 3.15+0.41

�0.40 2.99+0.41
�0.39 2.94+0.38

�0.38 3.04+0.33
�0.33

YP . . . . . . . . . . . . . . . 0.252+0.041
�0.042 0.251+0.040

�0.039 0.251+0.035
�0.036 0.250+0.026

�0.027 0.247+0.026
�0.027 0.249+0.025

�0.026
dns/d ln k . . . . . . . . . . �0.008+0.016

�0.016 �0.003+0.015
�0.015 �0.003+0.015

�0.014 �0.006+0.014
�0.014 �0.002+0.013

�0.013 �0.002+0.013
�0.013

r0.002 . . . . . . . . . . . . . < 0.103 < 0.114 < 0.114 < 0.0987 < 0.112 < 0.113
w . . . . . . . . . . . . . . . �1.54+0.62

�0.50 �1.41+0.64
�0.56 �1.006+0.085

�0.091 �1.55+0.58
�0.48 �1.42+0.62

�0.56 �1.019+0.075
�0.080

31
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Constraints on cosmological parameters 
from different techniques.
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