
The left-hand side of the Boltzmann equation can now be written in terms of 
partial derivatives for the seven independent variables (t, xi, pi):
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magnitude of 
momentum

direction of 
momentum

The Boltzmann equation for photons

The equilibrium distr. function (Bose-Einstein) depends only on magnitude of p, 
not the direction (isotropy). 

Therefore ∂f/∂pi is non-zero only for perturbed f, i.e. first order.
Similarly, dpi/dt is zero for non-perturbed metric. So the product,

@f
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· dp̂

i

dt
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is a second-order term and can be neglected.



The Boltzmann equation for photons
df

dt
=
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+
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We are left with:

Now consider the second term: dxi

dt
=

dxi

d�

d�

dt
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So 
dxi

dt
=

P
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From definition of four-momentum,
dxi

d�
= P

i
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and
dx0

d�
=

dt

d�
= P

0
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We already found that

Similarly, for i=1..3, one finds P i ⇡ pp̂i
1� �

a
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P 0 = p(1� )
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The Boltzmann equation for photons
df
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=

@f

@t

+
@f

@x

i
· dx

i

dt
+

@f

@p

dp

dt
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We are left with:

dxi

dt
⇡ p̂

i

a

(1 + � �)
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Again, ∂f/∂xi is zero (f independent of xi) for the unperturbed solution, so 
the terms involving (∂f/∂xi)(Φ) and (∂f/∂xi)(Ψ) are second-order and can be 
neglected. 

Then
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Next: dp/dt …



The Boltzmann equation for photons
We now need the geodesic equation, d2

x
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Using the definition of P, 
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After some manipulation (exercise), one finds
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Evaluate Christoffel symbol, cancel more 2nd order terms (exercise)
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<latexit sha1_base64="GhUQRhB/f7pkfYahg/fgmx4wvjg="></latexit><latexit sha1_base64="GhUQRhB/f7pkfYahg/fgmx4wvjg="></latexit>



The Boltzmann equation for photons

Inserting in the Boltzmann eqn, the left-hand side looks as follows:
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But we need a more concrete form of the distribution function f(t,x,p) to get further



Back to the distribution function
Unperturbed Bose-Einstein distribution:

fBE =
1

eE/T � 1
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Expanding to first order in Θ gives (δT = TΘ)

f ⇡ f (0) + T
@f (0)

@T
⇥ = f (0) � p

@f (0)

@p
⇥
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so that

f(x, p, p̂, t) =


exp

⇢
p

T (t)[1 + ⇥(x, p̂, t)]

�
� 1

��1
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E=p for photons 
(c=1)

Introduce perturbations of temperature, 

⇥(x, p̂, t) = �T (x, p̂, t)/T (t)
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The Boltzmann equation for photons
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f ⇡ f (0) � p
@f (0)

@p
⇥
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Left-hand side of Boltzmann equation:

Perturbed distribution function:

The zero-order terms (no dep. on Θ, ϕ, ψ, x) yield 

df

dt

����
0

=
@f (0)

@t
�Hp

@f (0)

@p
= 0
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Equilibrium - collision terms in B.E. vanish



The Boltzmann equation for photons
The zero-order terms (no dep. on Θ, ϕ, ψ, x) yield 

df

dt

����
0

=
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@t
�Hp

@f (0)
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Equilibrium - collision terms in B.E. vanish

Using that T∂f(0)/∂T = -p∂f(0)∂p (again), we have

T / a�1
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= �@f (0)
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T

dT
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�
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so



The Boltzmann equation for photons
The first-order terms are (exercise): 

df

dt
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Collision terms due to 
Compton scattering

Now, the collision terms on the right-hand side.

Relevant physical process: Compton scattering, 

e�(q) + �(p) $ e�(q0) + �(p0)
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for electron momenta q, q’ and photon momenta p, p’.



Collision terms for photons

e�(q) + �(p) $ e�(q0) + �(p0)
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Compton scattering:

Schematically, the collision terms can be written as

df(~p)

dt
= C[f(~p)] =

X

~q,~q0,~p0

|Amplitude|2 {fe(~q0)f(~p0)� fe(~q)f(~p)}
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“production” of 
photons with 
momentum p

“destruction” of 
photons with 
momentum p

Sum is written over all q, q’, p’, but energy and momentum must be conserved.



Collision terms for photons

C[f(~p)] =
1

p

Z
d3~q

(2⇡)32Ee(q)

Z
d3~q0

(2⇡)32Ee(q0)

Z
d3~p0

(2⇡)32E(p0)
|M|2 (2⇡)4
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More formally, we have

“Rate equation” (photons entering 
- leaving this bin of f(p))

Momentum/energy 
conservation

Integrals over all q, 
q’, p’

Notes:
  Factors of 1/E come from integration over E - taking into account that E and momenta
  are related through                       , so thatE2 = p2 +m2
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(see also F. Saueressig’s lectures)

Amplitude

Amplitude |M|2 depends on physics of Compton scattering

Exercise 5



Collision terms for photons
First, concentrate on the integrals on the first line:

Z
d3~q

(2⇡)32Ee(q)

Z
d3~q0

(2⇡)32Ee(q0)

Z
d3~p0

(2⇡)32E(p0)
<latexit sha1_base64="hrlnZxvgtWoFjgQQ/TNe0zxCptI="></latexit><latexit sha1_base64="hrlnZxvgtWoFjgQQ/TNe0zxCptI="></latexit>

The electrons are non-relativistic at the epochs of interest: T ~ 3000 K at
epoch of recombination, so 

We can therefore replace Ee(q) with me in the denominators (setting c=1)
Z

d3~q

(2⇡)32Ee(q)
⇡ 1

2me

Z
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(2⇡)3
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For photons, we have E = p, so Z
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Ekin = (3/2)kT ⇡ 0.26 eV ⌧ mec
2(⇡ 0.5MeV)
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Collision terms for photons
First, concentrate on the integrals on the first line:
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Inserting the integrals from the box, we then get:
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Collision terms for photons

The middle integral is straight forward, making use of the momentum conservation:
~q0 = ~p+ ~q � ~p0
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Using the momentum delta function to evaluate the q’ integral, we get

- note that q’ has now been eliminated.



Collision terms for photons
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- note that q’ has now been eliminated!

Next, energy conservation: Photons: E=p, and (non-relativistic) electrons: E = me +
q2
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Also, since q~q’ (change in electron momentum is small), we can replace
fe(p+q-p’) with fe(q) in the last factor. This leads to
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Collision terms for photons
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Now, we need the amplitude term, |M|2:

For simplicity, we simply assume it to be constant: |M|2 ⇡ 8⇡�Tm
2
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(not strictly correct; depends on the angle between p and p’, and on polarization, 
but final error is small)
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Then we have
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Collision terms for photons
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Only two terms depend on q:

The integral of fe(q) over all q is the total electron density, 
Z

fe(~q)

(2⇡)3
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The integral of q/me = v is the mean (bulk) electron velocity,
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And only the integral over p’ is left:
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Collision terms for photons

Integrating by parts takes care of the δ function (exercise).
Re-introduce our expansion of f(p).
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This finally gives the result:

Integral over p’:
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Define the monopole of the temperature perturbations as

⇥0(~x, t) ⌘
1
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Z
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Putting it together:

df

dt

����
1

= �p

@f

(0)

@p


@⇥
@t

+
p̂

i

a

@⇥
@x

i
+

@�
@t

+
p̂

i

a

@ 
@x

i

�
= C[f ]

<latexit sha1_base64="gxRfb0vG40dg8JB0UBuFquhmzho="></latexit><latexit sha1_base64="gxRfb0vG40dg8JB0UBuFquhmzho="></latexit>

C[f(p)] = �p
@f (0)

@p
ne�T [⇥0 �⇥(p̂) + p̂ · ~vb]

<latexit sha1_base64="TaTi8t7k9KuBFA/ae9Iu4eHgY8A="></latexit><latexit sha1_base64="TaTi8t7k9KuBFA/ae9Iu4eHgY8A="></latexit>

Left-hand side of Boltzmann eq. (time derivative of distribution function)

Right-hand side (collision terms):
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Combining the two, we finally have



The Boltzmann equation for photons
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Replacing t with the conformal time (cη = comoving horizon), 

⌘ ⌘
Z t

0

dt0

a(t0)
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etc..

the Boltzmann equation for photons finally becomes
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so that
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The Boltzmann equation for photons

Partial differential equation, coupling variations in temperature distribution
(Θ) to variations in the potential (ψ), curvature (ϕ) and velocity field (vb).

Then we get

˙̃⇥+ ikµ⇥̃+ ˙̃�+ ikµ ̃ = ne�T a
h
⇥̃0 � ⇥̃+ µvb

i
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where is the direction of photon propagation w.r.t. the Fourier comp. 

Simpler to solve in Fourier space, since 
(a) partial derivatives are replaced by multiplication: F [f 0(x)] (k) = ikF [f(x)] (k)
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(b) small amplitude Fourier modes evolve independently. 



Based on Dodelson, Modern Cosmology
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B.E. for other components
We have derived the Boltzmann equation for photons. 

Equivalent equations for

- (Cold) dark matter (§4.5):  no collision terms;  particles are non-relativistic. 
No specific form for distrib. function assumed, use moments of B.E: 

       Density fluctuations: 

       Velocity field:

˙̃� + ikṽ + 3 ˙̃� = 0
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- Neutrinos: similar to photons, but no collision terms

- Baryons (§4.6): Collision terms from Compton scattering; 
˙̃�b + ikṽb + 3 ˙̃� = 0
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What we have got so far:

• A set of differential equations relating 
changes in the density, velocity, and 
temperature perturbations to the potential

Still missing:

• Finding out how the potential (i.e. the metric) 
responds to the perturbations



Based on Dodelson, Modern Cosmology
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Ingredients and their coupling



The perturbed field equations
Gµ⌫ ⌘ Rµ⌫ �

1
2
gµ⌫R = 8⇡GTµ⌫
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Einstein’s field equations:

10 independent equations, but we need only two (to find ϕ and ψ).

Choose component (0,0)
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It turns out to be useful (when evaluating T) to raise one of the indices:

G0
0 = g0iGi0

<latexit sha1_base64="cKKhh5wMIT552ToQ2aaXm0V5qVE=">AAACG3icbVDLSgMxFM3UV62vqgsXboJFcFVSEe1GKCjUZQVrC522ZDJpG5pkhiSjlDC/4sat/oUrcevCn/AbTB8LbT1w4XDOvdx7TxBzpg1CX15maXlldS27ntvY3Nreye/u3esoUYTWScQj1QywppxJWjfMcNqMFcUi4LQRDK/GfuOBKs0ieWdGMW0L3Jesxwg2TurmD2y1g9Iugpew37GIpbDatcwp+QIqogngIinNSAHMUOvmv/0wIomg0hCOtW6VUGzaFivDCKdpzk80jTEZ4j5tOSqxoLptJw+k8NgpIexFypU0cKL+nrBYaD0SgesU2Az0vDcW//NaiemV25bJODFUkumiXsKhieA4DRgyRYnhI0cwUczdCskAK0yMyyznS/pIIiGwDK1/nVp/vEAJG6ZpzgVUmo9jkdRPi+dFdHtWqJRnSWXBITgCJ6AELkAF3IAaqAMCUvAMXsCr9+S9ee/ex7Q1481m9sEfeJ8/u7Wg5Q==</latexit><latexit sha1_base64="cKKhh5wMIT552ToQ2aaXm0V5qVE=">AAACG3icbVDLSgMxFM3UV62vqgsXboJFcFVSEe1GKCjUZQVrC522ZDJpG5pkhiSjlDC/4sat/oUrcevCn/AbTB8LbT1w4XDOvdx7TxBzpg1CX15maXlldS27ntvY3Nreye/u3esoUYTWScQj1QywppxJWjfMcNqMFcUi4LQRDK/GfuOBKs0ieWdGMW0L3Jesxwg2TurmD2y1g9Iugpew37GIpbDatcwp+QIqogngIinNSAHMUOvmv/0wIomg0hCOtW6VUGzaFivDCKdpzk80jTEZ4j5tOSqxoLptJw+k8NgpIexFypU0cKL+nrBYaD0SgesU2Az0vDcW//NaiemV25bJODFUkumiXsKhieA4DRgyRYnhI0cwUczdCskAK0yMyyznS/pIIiGwDK1/nVp/vEAJG6ZpzgVUmo9jkdRPi+dFdHtWqJRnSWXBITgCJ6AELkAF3IAaqAMCUvAMXsCr9+S9ee/ex7Q1481m9sEfeJ8/u7Wg5Q==</latexit>

= g00G00
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g is diagonal
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g00g00 =  1



The perturbed field equations

G0
0 = (�1 + 2 )R00 �

R
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Left-hand side (Einstein tensor):

To evaluate this, we need R00 (the Ricci tensor) and R (the Ricci scalar). 

R = gµ⌫Rµ⌫
<latexit sha1_base64="EpjXb7R5cS6Dm2f6dZ4gY9gBlxI="></latexit><latexit sha1_base64="EpjXb7R5cS6Dm2f6dZ4gY9gBlxI="></latexit>

Since

we do need to calculate all the elements of R:
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µ⌫,↵ � �↵
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(Some of) the details will be done in an exercise.



The perturbed field equations
Result from exercise: the Christoffel symbols 𝚪0μν:

�000 =  ,0
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The remaining Christoffel symbols, 𝚪iμν:
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The perturbed field equations
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We can then calculate the Ricci tensor:

R(0) = 6

✓
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Zeroth order (unperturbed) component:

First order component:

R(1) = �12 
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The Ricci scalar can be conveniently separated into two components:



The perturbed field equations
We now have everything we need for the Einstein tensor:

G0
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We will look only at the perturbed (first-order) part
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Looks rather daunting, but simplifies to



The perturbed field equations
We can now return to the Einstein equation: G0

0 = 8⇡GT 0
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On the right-hand side, we have

with the perturbed part of Tμν being

�T 0
0 = � [⇢dm� + ⇢b�b + 4⇢�⇥0 + 4⇢⌫N0]
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[for photons we have used that the energy density is ~ T4 = T0(1+Θ)4 ~ T0(1 + 4Θ) ]



Putting it together
Including all species (DM, baryons, photons, neutrinos), we get

�T 0
0 = � [⇢dm� + ⇢b�b + 4⇢�⇥0 + 4⇢⌫N0]
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Combining this with the left-hand side of the Einstein eqn (δG00), we get

where the ‘tildes’ (~) have been dropped, but Ψ, Φ, and Θ refer to the respective
Fourier components.

3H2 � 3H�,0 �
k2

a2
� = �4⇡G [⇢dm� + ⇢b�b + 4⇢�⇥0 + 4⇢⌫N0]
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In terms of conformal time, with ȧ ⌘ da/d⌘
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Note that for a=const, this reduces to the standard Poisson eqn.
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Relating fluctuations in density, potential, and metric

We do not go through the detailed derivation, but the resulting relation is

k2( + �) = �32⇡Ga2 [⇢�⇥2 + ⇢⌫N2]
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for quadrupole moments Θ2 and N2.

If the photon and neutrino perturbations have no quadrupole moments, then

 = ��
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One relation between the metric perturbations and the density:

Another relation can be obtained from the spatial components of the field eqn:
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The Boltzmann equations

- (Cold) dark matter:  no collision terms;  particles are non-relativistic. 

       Density fluctuations: 

       Velocity field:

˙̃� + ikṽ + 3 ˙̃� = 0
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˙̃v +
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a
ṽ + ik ̃ = 0
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- Neutrinos: similar to photons, but no collision terms

- Baryons: Collision terms from Coulomb scattering; 
˙̃�b + ikṽb + 3 ˙̃� = 0
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ȧ

a
ṽb + ik ̃ = ne�T a

4⇢�

3⇢b
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3i⇥̃1 + ṽb

i
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= ne�T a [⇥0 �⇥+ p̂ · vb]
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- Photons:



Evolution of density perturbations
• We have now derived:

• The relativistic Boltzmann equations for the different 
constituents (dark/ordinary matter, photons, neutrinos)

• Einstein equations for the potentials+curvature

• We now need to solve these equations.

• In general, this must be done numerically, using suitable 
initial conditions (e.g., as predicted by inflation)

• However, useful insight can be obtained analytically for 
certain specific situations



Evolution of the potential

Early times:
- Fluctuations larger than horizon, 
  potential does not evolve.

Intermediate times:
- Modes within horizon in 

radiation-dominated Universe
- Radiation pressure dominates
- Potential decays

Late times:
- Universe is matter dominated
- Potential is constant
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FIG. 2: Left Panel:The evolution of gravitational potential Φ for 3 different modes. The wavenumber is indicated by the label
and the epoch at which the mode enters the Hubble radius is indicated by a small arrow. The top most curve is for a mode
which stays outside the Hubble radius for most of its evolution and is well described by Eq. (78). The other two modes show
the decay of Φ after the mode has entered the Hubble radius in the radiation dominated epoch as described by Eq. (79). Right
Panel: Evolution of entropy perturbation (see Eq. (87) for the definition). The entropy perturbation is essentially zero till the
mode enters Hubble radius and grows afterwards tracking the dominant energy density perturbation.

A. Evolution for λ ≫ dH

Let us begin by considering very large wavelength modes corresponding to the kη → 0 limit. In this case adiabaticity
is respected and we can set δR ≈ (4/3)δm. Then Eqs. (72), (73) become

yΦ′ + Φ ≈ −
3y + 4

8(1 + y)
δR; δ′R ≈ 4Φ′ (77)

Differentiating the first equation and using the second to eliminate δm, we get a second order equation for Φ. Fortu-
nately, this equation has an exact solution

Φ = Φi
1

10y3

[

16
√

(1 + y) + 9y3 + 2y2 − 8y − 16
]

; δR ≈ 4Φ− 6Φi (78)

[There is simple way of determining such an exact solution, which we will describe in Sec. IVD.]. The initial condition
on δR is chosen such that it goes to −2Φi initially. The solution shows that, as long as the mode is bigger than the
Hubble radius, the potential changes very little; it is constant initially as well as in the final matter dominated phase.
At late times (y ≫ 1) we see that Φ ≈ (9/10)Φi so that Φ decreases only by a factor (9/10) during the entire evolution
if k → 0 is a valid approximation.

B. Evolution for λ ≪ dH in the radiation dominated phase

When the mode enters Hubble radius in the radiation dominated phase, we can no longer ignore the pressure terms.
The pressure makes radiation density contrast oscillate and the gravitational potential, driven by this, also oscillates
with a decay in the overall amplitude. An approximate procedure to describe this phase is to solve the coupled δR−Φ
system, ignoring δm which is sub-dominant and then determine δm using the form of Φ.

When δm is ignored, the problem reduces to the one solved earlier in Eqs (64), (65) with w = 1/3 giving ν = 3.
Since J3/2 can be expressed in terms of trigonometric functions, the solution given by Eq. (64) with ν = 3, simplifies
to

Φ = Φi
3

l3y3
[sin(ly)− ly cos(ly)] ; l2 =

k2

3k2
c

(79)

Note that as y → 0, we have Φ = Φi, Φ′ = 0. This solution shows that once the mode enters the Hubble radius, the
potential decays in an oscillatory manner. For ly ≫ 1, the potential becomes Φ ≈ −3Φi(ly)−2 cos(ly). In the same

Padmanabhan 2006
astro-ph/0602117



Growth of dark matter perturbations

Dodelson, Modern Cosmology.

Radiation-dominated epoch:
- Growth slowed by decaying 

potentials, DM grows only 
logarithmic.

Matter-dominated epoch:
- Linear growth 



Acoustic oscillations
Largest (super-horizon) scales:

Perturbations hardly evolve (no 
causal physics) - power-spectrum 
is “pristine” (i.e. as produced by 
inflation)

First peak:
Perturbations on this scale enter 
horizon at some epoch η1<η* and 
just manage to reach maximum 
compression by η* 

First trough:
Perturbations enter horizon at 
η2<η1, “bounce”, and re-expand 
to average density by η*

Second peak:
Perturbations re-expand to 
average rarefaction by η*



What about the spring 
analogies?



Acoustic oscillations
So much for the general picture. Now let’s look at the details!

The tightly coupled limit:

Before recombination (η*), mean free path for a photon was much smaller 
than horizon.

⌧(⌘) ⌘
Z ⌘0

⌘
d⌘0ne�Ta
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Define optical depth as integral of neσTa over (conformal) time:

with derivative:
d⌧

d⌘
⌘ ⌧̇ = �ne�Ta
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Tightly coupled limit corresponds to τ >> 1.



Acoustic oscillations
The tightly coupled limit:

⌧(⌘) ⌘
Z ⌘0

⌘
d⌘0ne�Ta
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Higher-order moments of radiation field are then negligible: Θ “looks the same in every 
direction”, apart from spatial and velocity dependencies. We only need to consider
[Θ0(x, t)] - Monopole
[Θ1(x, t)] - Dipole

(see Sect. 8.3.1 for formal derivation).

Tightly coupled limit corresponds to τ >> 1 
(last scattering surface much smaller than 
horizon)



Multipole moments
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(�i)l

Z 1

�1

dµ

2
Pl(µ)⇥(µ)
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We define the lth multipole moment of Θ as

The first three Legendre polynomials are defined as:



Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:

⇥̇+ ikµ⇥ = ��̇� ikµ + ne�Ta [⇥0 �⇥+ µvb]
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General version:

Next: obtain two new equations by multiplying by P0 and P1
and integrating over all μ, dropping higher-order moments.
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P0, left-hand side:
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Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:

⇥̇+ ikµ⇥ = ��̇� ikµ + ne�Ta [⇥0 �⇥+ µvb]
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General version:
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<latexit sha1_base64="DRAR851hAW9WHKhQR8XTNZ7Nwm4=">AAACG3icbZDNSsNAFIUn9a/Wv6gLF24Gi1A3JRHRboSCLlxWsLbQlDCZTNqhM5MwM1FKyKu4catv4UrcuvAlfAYnbRfaemDgcO693DtfkDCqtON8WaWl5ZXVtfJ6ZWNza3vH3t27V3EqMWnjmMWyGyBFGBWkralmpJtIgnjASCcYXRX1zgORisbiTo8T0udoIGhEMdIm8u0DjyM9xIhlrdx3ah5PT+AldCu+XXXqzkRw0bgzUwUztXz72wtjnHIiNGZIqZ7rJLqfIakpZiSveKkiCcIjNCA9YwXiRPWzyQdyeGySEEaxNE9oOEl/T2SIKzXmgekszlXztSL8r9ZLddToZ1QkqSYCTxdFKYM6hgUNGFJJsGZjYxCW1NwK8RBJhLVhVvEEecQx50iEmXedZxNWkmdhnheA3Hkci6Z9Wj+vO7dn1WZjRqoMDsERqAEXXIAmuAEt0AYY5OAZvIBX68l6s96tj2lryZrN7IM/sj5/AHiroLM=</latexit><latexit sha1_base64="DRAR851hAW9WHKhQR8XTNZ7Nwm4=">AAACG3icbZDNSsNAFIUn9a/Wv6gLF24Gi1A3JRHRboSCLlxWsLbQlDCZTNqhM5MwM1FKyKu4catv4UrcuvAlfAYnbRfaemDgcO693DtfkDCqtON8WaWl5ZXVtfJ6ZWNza3vH3t27V3EqMWnjmMWyGyBFGBWkralmpJtIgnjASCcYXRX1zgORisbiTo8T0udoIGhEMdIm8u0DjyM9xIhlrdx3ah5PT+AldCu+XXXqzkRw0bgzUwUztXz72wtjnHIiNGZIqZ7rJLqfIakpZiSveKkiCcIjNCA9YwXiRPWzyQdyeGySEEaxNE9oOEl/T2SIKzXmgekszlXztSL8r9ZLddToZ1QkqSYCTxdFKYM6hgUNGFJJsGZjYxCW1NwK8RBJhLVhVvEEecQx50iEmXedZxNWkmdhnheA3Hkci6Z9Wj+vO7dn1WZjRqoMDsERqAEXXIAmuAEt0AYY5OAZvIBX68l6s96tj2lryZrN7IM/sj5/AHiroLM=</latexit>

P0, left-hand side: = 2⇥̇0 + 2k⇥1
<latexit sha1_base64="4HJzX+atdsVE/hSmcUENLKzxQJ4="></latexit><latexit sha1_base64="4HJzX+atdsVE/hSmcUENLKzxQJ4="></latexit>

P0, right-hand side:
Z 1

�1
dµ

⇣
��̇� ikµ � ⌧̇ [⇥0 �⇥+ µvb]

⌘
= �

Z 1

�1
dµ�̇� ik

Z 1

�1
dµµ � ⌧̇

Z 1

�1
dµ(⇥0 �⇥) + vb

Z 1

�1
dµµ

�

<latexit sha1_base64="dZ58JmHSG8Hfk8ALbXKp7zE148U="></latexit><latexit sha1_base64="dZ58JmHSG8Hfk8ALbXKp7zE148U="></latexit>

0<latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit><latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit>�2�̇<latexit sha1_base64="Hu0W43xVcDHocnHQQet2azlbE5w=">AAACD3icbVDLSsNAFJ34rPVVdelmsAhuLEkR7bKgC5cVjC00oUwmk3bozCTOTJQS8hNu3OpfuBK3foI/4Tc4abPQ1gMXDufcw72cIGFUadv+spaWV1bX1isb1c2t7Z3d2t7+nYpTiYmLYxbLXoAUYVQQV1PNSC+RBPGAkW4wviz87gORisbiVk8S4nM0FDSiGGkj+adN6IWxzrzOiOaDWt1u2FPAReKUpA5KdAa1bxPGKSdCY4aU6jt2ov0MSU0xI3nVSxVJEB6jIekbKhAnys+mT+fw2CghjGJpRmg4VX8nMsSVmvDAbHKkR2reK8T/vH6qo5afUZGkmgg8OxSlDOoYFg3AkEqCNZsYgrCk5leIR0girE1PVU+QRxxzjkSYeVd55hUHJM/CPK+agpz5OhaJ22ycN+ybs3q7VTZVAYfgCJwAB1yANrgGHeACDO7BM3gBr9aT9Wa9Wx+z1SWrzByAP7A+fwDR651h</latexit><latexit sha1_base64="Hu0W43xVcDHocnHQQet2azlbE5w=">AAACD3icbVDLSsNAFJ34rPVVdelmsAhuLEkR7bKgC5cVjC00oUwmk3bozCTOTJQS8hNu3OpfuBK3foI/4Tc4abPQ1gMXDufcw72cIGFUadv+spaWV1bX1isb1c2t7Z3d2t7+nYpTiYmLYxbLXoAUYVQQV1PNSC+RBPGAkW4wviz87gORisbiVk8S4nM0FDSiGGkj+adN6IWxzrzOiOaDWt1u2FPAReKUpA5KdAa1bxPGKSdCY4aU6jt2ov0MSU0xI3nVSxVJEB6jIekbKhAnys+mT+fw2CghjGJpRmg4VX8nMsSVmvDAbHKkR2reK8T/vH6qo5afUZGkmgg8OxSlDOoYFg3AkEqCNZsYgrCk5leIR0girE1PVU+QRxxzjkSYeVd55hUHJM/CPK+agpz5OhaJ22ycN+ybs3q7VTZVAYfgCJwAB1yANrgGHeACDO7BM3gBr9aT9Wa9Wx+z1SWrzByAP7A+fwDR651h</latexit>

�2⌧̇⇥0
<latexit sha1_base64="UefSCQ9tCzySvGTW2ZZu/QQXEfA=">AAACG3icbVA9SwNBEN3z2/gVtbCwWQyCjeEiopaCFpYKRoVcCHN7E7O4u3fszinhuL9iY6v/wkpsLfwT/gY3MYVfDwYe783s7Lw4U9JRGL4HY+MTk1PTM7OVufmFxaXq8sqFS3MrsClSldqrGBwqabBJkhReZRZBxwov45ujgX95i9bJ1JxTP8O2hmsju1IAealTXdvmOzxKUioigrzk0XkPCTphp1oL6+EQ/C9pjEiNjXDaqX74V0Su0ZBQ4FyrEWbULsCSFArLSpQ7zEDcwDW2PDWg0bWL4QEl3/RKwrup9WWID9XvEwVo5/o69p0aqOd+ewPxP6+VU/egXUiT5YRGfC3q5opTygdp8ERaFKT6noCw0v+Vix5YEOQzq0QG70SqNZikiI7LIhossLpIyrLiA2r8juMvae7U9+rh2W7t8GCU1AxbZxtsizXYPjtkJ+yUNZlgJXtgj+wpuA+eg5fg9at1LBjNrLIfCN4+AVAXoUA=</latexit><latexit sha1_base64="UefSCQ9tCzySvGTW2ZZu/QQXEfA=">AAACG3icbVA9SwNBEN3z2/gVtbCwWQyCjeEiopaCFpYKRoVcCHN7E7O4u3fszinhuL9iY6v/wkpsLfwT/gY3MYVfDwYe783s7Lw4U9JRGL4HY+MTk1PTM7OVufmFxaXq8sqFS3MrsClSldqrGBwqabBJkhReZRZBxwov45ujgX95i9bJ1JxTP8O2hmsju1IAealTXdvmOzxKUioigrzk0XkPCTphp1oL6+EQ/C9pjEiNjXDaqX74V0Su0ZBQ4FyrEWbULsCSFArLSpQ7zEDcwDW2PDWg0bWL4QEl3/RKwrup9WWID9XvEwVo5/o69p0aqOd+ewPxP6+VU/egXUiT5YRGfC3q5opTygdp8ERaFKT6noCw0v+Vix5YEOQzq0QG70SqNZikiI7LIhossLpIyrLiA2r8juMvae7U9+rh2W7t8GCU1AxbZxtsizXYPjtkJ+yUNZlgJXtgj+wpuA+eg5fg9at1LBjNrLIfCN4+AVAXoUA=</latexit>

2⌧̇⇥0
<latexit sha1_base64="47biCtFTS4aGFcvt+Kxg8wGytFY=">AAACGXicbVC7ThtBFJ2F8Ih5xBClSjOKhURlrREKLpGgoCQSji15Levu7LU9YmZ2NXMXZI32T2ho4S+oEC1VfiLfkPGjSCBHutLROfelkxZKOorjX9HK6oe19Y3Nj7Wt7Z3dT/W9/Z8uL63AjshVbnspOFTSYIckKewVFkGnCrvp9dnM796gdTI3VzQtcKBhbORICqAgDetfjniS5eQTgrLiydUECYbxsN6Im/Ec/D1pLUmDLXE5rP8OW0Sp0ZBQ4Fy/FRc08GBJCoVVLSkdFiCuYYz9QA1odAM/f7/iB0HJ+Ci3oQzxufr3hAft3FSnoVMDTdxbbyb+z+uXNGoPvDRFSWjE4tCoVJxyPsuCZ9KiIDUNBISV4VcuJmBBUEislhi8FbnWYDKfnFc+mR2w2mdVVQsBtd7G8Z50jprfm/GP48Zpe5nUJvvKvrFD1mIn7JRdsEvWYYJ5ds8e2GN0Fz1Fz9HLonUlWs58Zv8gev0Dgimg3w==</latexit><latexit sha1_base64="47biCtFTS4aGFcvt+Kxg8wGytFY=">AAACGXicbVC7ThtBFJ2F8Ih5xBClSjOKhURlrREKLpGgoCQSji15Levu7LU9YmZ2NXMXZI32T2ho4S+oEC1VfiLfkPGjSCBHutLROfelkxZKOorjX9HK6oe19Y3Nj7Wt7Z3dT/W9/Z8uL63AjshVbnspOFTSYIckKewVFkGnCrvp9dnM796gdTI3VzQtcKBhbORICqAgDetfjniS5eQTgrLiydUECYbxsN6Im/Ec/D1pLUmDLXE5rP8OW0Sp0ZBQ4Fy/FRc08GBJCoVVLSkdFiCuYYz9QA1odAM/f7/iB0HJ+Ci3oQzxufr3hAft3FSnoVMDTdxbbyb+z+uXNGoPvDRFSWjE4tCoVJxyPsuCZ9KiIDUNBISV4VcuJmBBUEislhi8FbnWYDKfnFc+mR2w2mdVVQsBtd7G8Z50jprfm/GP48Zpe5nUJvvKvrFD1mIn7JRdsEvWYYJ5ds8e2GN0Fz1Fz9HLonUlWs58Zv8gev0Dgimg3w==</latexit>

0<latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit><latexit sha1_base64="b77gQ7ciMI2gFH5M8vRh5Glw5Ns=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSiKiXRZ04bIFYwtNKZPJTTt0ZhJmJkoJ2bpxq3/hStz6If6E3+D0sdDWAxcO59zLvfeEKWfauO6Xs7K6tr6xWdoqb+/s7u1XDg7vdZIpCj5NeKI6IdHAmQTfMMOhkyogIuTQDkfXE7/9AEqzRN6ZcQo9QQaSxYwSY6WW269U3Zo7BV4m3pxU0RzNfuU7iBKaCZCGcqJ113NT08uJMoxyKMpBpiEldEQG0LVUEgG6l08PLfCpVSIcJ8qWNHiq/p7IidB6LELbKYgZ6kVvIv7ndTMT13s5k2lmQNLZojjj2CR48jWOmAJq+NgSQhWzt2I6JIpQY7MpBxIeaSIEkVEe3BR5MFmgRB4VRdkG5C3GsUz889plzW1dVBv1eVIldIxO0Bny0BVqoFvURD6iCNAzekGvzpPz5rw7H7PWFWc+c4T+wPn8AdpUmII=</latexit>

Equating l.h. and r.h. sides:

⇥̇0 + k⇥1 = ��̇
<latexit sha1_base64="itgnU14W1/DxCvP+vuIJanNZd1c="></latexit><latexit sha1_base64="itgnU14W1/DxCvP+vuIJanNZd1c="></latexit>



Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:

⇥̇+ ikµ⇥ = ��̇� ikµ + ne�Ta [⇥0 �⇥+ µvb]
<latexit sha1_base64="v0nJDe4n+rj5zk13aOc7Tvov/UQ="></latexit><latexit sha1_base64="v0nJDe4n+rj5zk13aOc7Tvov/UQ="></latexit>

General version:

⇥l ⌘
1

(�i)l

Z 1

�1

dµ

2
Pl(µ)⇥(µ)

<latexit sha1_base64="j4T7bPhXHV2YbbKKJAefq1aeqgM="></latexit><latexit sha1_base64="j4T7bPhXHV2YbbKKJAefq1aeqgM="></latexit>

P1(µ) = µ
<latexit sha1_base64="23LlXO36ZnhHmWsfNLA9XwyjVnc=">AAACHXicbZBPS8MwGMZT/875b+pJvASHMC+jFdFdhIEePE6wbrCOkabZFpakJUmVUYpfxYtX/RaexKv4JfwMpl0PuvlCyMPzvC958/MjRpW27S9rYXFpeWW1tFZe39jc2q7s7N6pMJaYuDhkoez4SBFGBXE11Yx0IkkQ9xlp++PLLG/fE6loKG71JCI9joaCDihG2lj9yr7HkR5hxJJW2ndqHo+P4QU0V7lfqdp1Oy84L5xCVEFRrX7l2wtCHHMiNGZIqa5jR7qXIKkpZiQte7EiEcJjNCRdIwXiRPWS/AspPDJOAAehNEdomLu/JxLElZpw33RmC6vZLDP/y7qxHjR6CRVRrInA04cGMYM6hBkPGFBJsGYTIxCW1OwK8QhJhLWhVvYEecAh50gEiXeVJjktyZMgTTNAziyOeeGe1M/q9s1ptdkoSJXAATgENeCAc9AE16AFXIDBI3gGL+DVerLerHfrY9q6YBUze+BPWZ8/iYGh1Q==</latexit><latexit sha1_base64="23LlXO36ZnhHmWsfNLA9XwyjVnc=">AAACHXicbZBPS8MwGMZT/875b+pJvASHMC+jFdFdhIEePE6wbrCOkabZFpakJUmVUYpfxYtX/RaexKv4JfwMpl0PuvlCyMPzvC958/MjRpW27S9rYXFpeWW1tFZe39jc2q7s7N6pMJaYuDhkoez4SBFGBXE11Yx0IkkQ9xlp++PLLG/fE6loKG71JCI9joaCDihG2lj9yr7HkR5hxJJW2ndqHo+P4QU0V7lfqdp1Oy84L5xCVEFRrX7l2wtCHHMiNGZIqa5jR7qXIKkpZiQte7EiEcJjNCRdIwXiRPWS/AspPDJOAAehNEdomLu/JxLElZpw33RmC6vZLDP/y7qxHjR6CRVRrInA04cGMYM6hBkPGFBJsGYTIxCW1OwK8QhJhLWhVvYEecAh50gEiXeVJjktyZMgTTNAziyOeeGe1M/q9s1ptdkoSJXAATgENeCAc9AE16AFXIDBI3gGL+DVerLerHfrY9q6YBUze+BPWZ8/iYGh1Q==</latexit>

P0(µ) = 1
<latexit sha1_base64="DRAR851hAW9WHKhQR8XTNZ7Nwm4=">AAACG3icbZDNSsNAFIUn9a/Wv6gLF24Gi1A3JRHRboSCLlxWsLbQlDCZTNqhM5MwM1FKyKu4catv4UrcuvAlfAYnbRfaemDgcO693DtfkDCqtON8WaWl5ZXVtfJ6ZWNza3vH3t27V3EqMWnjmMWyGyBFGBWkralmpJtIgnjASCcYXRX1zgORisbiTo8T0udoIGhEMdIm8u0DjyM9xIhlrdx3ah5PT+AldCu+XXXqzkRw0bgzUwUztXz72wtjnHIiNGZIqZ7rJLqfIakpZiSveKkiCcIjNCA9YwXiRPWzyQdyeGySEEaxNE9oOEl/T2SIKzXmgekszlXztSL8r9ZLddToZ1QkqSYCTxdFKYM6hgUNGFJJsGZjYxCW1NwK8RBJhLVhVvEEecQx50iEmXedZxNWkmdhnheA3Hkci6Z9Wj+vO7dn1WZjRqoMDsERqAEXXIAmuAEt0AYY5OAZvIBX68l6s96tj2lryZrN7IM/sj5/AHiroLM=</latexit><latexit sha1_base64="DRAR851hAW9WHKhQR8XTNZ7Nwm4=">AAACG3icbZDNSsNAFIUn9a/Wv6gLF24Gi1A3JRHRboSCLlxWsLbQlDCZTNqhM5MwM1FKyKu4catv4UrcuvAlfAYnbRfaemDgcO693DtfkDCqtON8WaWl5ZXVtfJ6ZWNza3vH3t27V3EqMWnjmMWyGyBFGBWkralmpJtIgnjASCcYXRX1zgORisbiTo8T0udoIGhEMdIm8u0DjyM9xIhlrdx3ah5PT+AldCu+XXXqzkRw0bgzUwUztXz72wtjnHIiNGZIqZ7rJLqfIakpZiSveKkiCcIjNCA9YwXiRPWzyQdyeGySEEaxNE9oOEl/T2SIKzXmgekszlXztSL8r9ZLddToZ1QkqSYCTxdFKYM6hgUNGFJJsGZjYxCW1NwK8RBJhLVhVvEEecQx50iEmXedZxNWkmdhnheA3Hkci6Z9Wj+vO7dn1WZjRqoMDsERqAEXXIAmuAEt0AYY5OAZvIBX68l6s96tj2lryZrN7IM/sj5/AHiroLM=</latexit>

P1, left-hand side:
Z 1

�1
dµµ

⇣
⇥̇+ ikµ⇥

⌘
= �2i⇥̇1 + ik

Z 1

�1
dµµ2⇥

<latexit sha1_base64="3RlR6jChKx7LNFES+71np5kSU94="></latexit><latexit sha1_base64="3RlR6jChKx7LNFES+71np5kSU94="></latexit>

= �2i⇥̇1 + 2ik

✓
1

3
⇥0 �

2

3
⇥2

◆

<latexit sha1_base64="eQDkIBdhF1laZr1xc/ZYZ+nT6l0="></latexit><latexit sha1_base64="eQDkIBdhF1laZr1xc/ZYZ+nT6l0="></latexit>

Exercise



Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:

⇥̇+ ikµ⇥ = ��̇� ikµ + ne�Ta [⇥0 �⇥+ µvb]
<latexit sha1_base64="v0nJDe4n+rj5zk13aOc7Tvov/UQ="></latexit><latexit sha1_base64="v0nJDe4n+rj5zk13aOc7Tvov/UQ="></latexit>

General version:

⇥l ⌘
1

(�i)l

Z 1

�1

dµ

2
Pl(µ)⇥(µ)

<latexit sha1_base64="j4T7bPhXHV2YbbKKJAefq1aeqgM="></latexit><latexit sha1_base64="j4T7bPhXHV2YbbKKJAefq1aeqgM="></latexit>

P1(µ) = µ
<latexit sha1_base64="23LlXO36ZnhHmWsfNLA9XwyjVnc=">AAACHXicbZBPS8MwGMZT/875b+pJvASHMC+jFdFdhIEePE6wbrCOkabZFpakJUmVUYpfxYtX/RaexKv4JfwMpl0PuvlCyMPzvC958/MjRpW27S9rYXFpeWW1tFZe39jc2q7s7N6pMJaYuDhkoez4SBFGBXE11Yx0IkkQ9xlp++PLLG/fE6loKG71JCI9joaCDihG2lj9yr7HkR5hxJJW2ndqHo+P4QU0V7lfqdp1Oy84L5xCVEFRrX7l2wtCHHMiNGZIqa5jR7qXIKkpZiQte7EiEcJjNCRdIwXiRPWS/AspPDJOAAehNEdomLu/JxLElZpw33RmC6vZLDP/y7qxHjR6CRVRrInA04cGMYM6hBkPGFBJsGYTIxCW1OwK8QhJhLWhVvYEecAh50gEiXeVJjktyZMgTTNAziyOeeGe1M/q9s1ptdkoSJXAATgENeCAc9AE16AFXIDBI3gGL+DVerLerHfrY9q6YBUze+BPWZ8/iYGh1Q==</latexit><latexit sha1_base64="23LlXO36ZnhHmWsfNLA9XwyjVnc=">AAACHXicbZBPS8MwGMZT/875b+pJvASHMC+jFdFdhIEePE6wbrCOkabZFpakJUmVUYpfxYtX/RaexKv4JfwMpl0PuvlCyMPzvC958/MjRpW27S9rYXFpeWW1tFZe39jc2q7s7N6pMJaYuDhkoez4SBFGBXE11Yx0IkkQ9xlp++PLLG/fE6loKG71JCI9joaCDihG2lj9yr7HkR5hxJJW2ndqHo+P4QU0V7lfqdp1Oy84L5xCVEFRrX7l2wtCHHMiNGZIqa5jR7qXIKkpZiQte7EiEcJjNCRdIwXiRPWS/AspPDJOAAehNEdomLu/JxLElZpw33RmC6vZLDP/y7qxHjR6CRVRrInA04cGMYM6hBkPGFBJsGYTIxCW1OwK8QhJhLWhVvYEecAh50gEiXeVJjktyZMgTTNAziyOeeGe1M/q9s1ptdkoSJXAATgENeCAc9AE16AFXIDBI3gGL+DVerLerHfrY9q6YBUze+BPWZ8/iYGh1Q==</latexit>

P0(µ) = 1
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Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:
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General version:

Equating l.h. and r.h. sides:
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Dividing by 2i and dropping the Θ2 term:



Acoustic oscillations
The Boltzmann equation for photons in the tightly coupled limit:
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For vb, invoke the B.E. for baryons:

Two equations for ϴ0 and ϴ1 and their derivatives.
We would like to have a single equation for each multipole (and eliminate vb).



The Boltzmann equations

- (Cold) dark matter:  no collision terms;  particles are non-relativistic. 

       Density fluctuations: 

       Velocity field:

˙̃� + ikṽ + 3 ˙̃� = 0
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- Neutrinos: similar to photons, but no collision terms

- Baryons: Collision terms from Coulomb scattering; 
˙̃�b + ikṽb + 3 ˙̃� = 0
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- Photons:

˙̃⇥+ ikµ⇥̃+ ˙̃�+ ikµ ̃ = ne�T a
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