
340th anniversary of Ole Rømer’s determination
of the speed of light.





The Development and 
Growth of Density 

Fluctuations



The basic problem
How to get from here:

to here:





Present-day densities
Mean density of Universe:

Mean density of galaxy clusters:

Mean density of galaxies:

⇢MW ⇡
 

4⇥ 1011M�
4
3⇡(20 kpc3)

!
⇡ 10�21 kg m�3

⇢ ⇡
 

1015 M�
4
3⇡(1 Mpc3)

!
⇡ 2⇥ 10�23 kg m�3 ⇡ 5000 ⇢0

⇡ 3⇥ 105 ⇢0

⇢0 ⇡ 0.3⇢crit = 0.3
3H2

0

8⇡G
⇡ 3⇥ 10�27 kgm�3
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Present-day densities
Present-day overdensities of galaxies and galaxy clusters are 

(clusters)

(galaxies)

Mean density of Universe: 

� = �⇢/⇢0 ⇡ 103

� = �⇢/⇢0 ⇡ 105

⇢ / ⇢0(1 + z)3

As virialized objects, galaxies and clusters must have segregated out after 
z~50 and z~10, respectively.

Accessible to observations! (at least in principle). 

Density contrast small (Δ≪1) at higher redshifts - linear regime!



Growth of perturbations

• Important distinction between Dark and 
Baryonic matter.

• DM: Only gravity - relatively “easy”, especially 
at early epochs when fluctuations are still small

• Baryonic matter: Complicated! - not just 
gravity, but also dissipational processes, 
feedback, heating/cooling, etc. 



Fate of overdense regions
Static case (e.g. molecular cloud): overdensity collapses on a free-fall time 
scale, 

t↵ =
✓

3⇡

32 G ⇢

◆1/2

Expanding Universe:

Think of over-dense regions as “mini-Universes” of slightly higher 
density than Ω0 in a critical (Einstein-de Sitter) Universe.

“Background” scale factor (for Ω=1)

a(t) =
✓

3H0t

2

◆2/3

Overdense region with Ω’>1 will eventually reach maximum a’(t) 
and then re-collapse.



Current densities:
Ω0 = 0.27, ΩΛ=0.73

Note:
ΩM → 1 for z>>1



Fate of overdense regions

Consider the parametric solutions to the Friedmann equation for 
ΩΛ=0 and Ω0 >1 (assignment):

a(✓) =

⌦0

2(⌦0 � 1)

(1� cos ✓)

t(✓) =
⌦0

2H0(⌦0 � 1)3/2
(✓ � sin ✓)

“Background” scale factor:

a(t) =
✓

3H0t

2

◆2/3

Evolution of over-dense region:



⌦0 = 1

⌦0
0 > 1



Fate of over-dense regions
a(✓) =

⌦0

2(⌦0 � 1)

(1� cos ✓)

t(✓) =
⌦0

2H0(⌦0 � 1)3/2
(✓ � sin ✓)

To find approximate relation for a(t), Taylor-expand the expressions for 
a(θ) and t(θ) around θ=0:

cos ✓ ⇡ 1 +

d cos ✓

d✓
✓ +

1

2

d

2
cos ✓

d✓2
✓2

+

1

6

d

3
cos ✓

d✓3
✓3

+ ...

⇡ 1� 1
2
✓2 +

1
24

✓4

sin ✓ ⇡ ✓ � 1

6
✓3
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Fate of overdense regions
Solving for the scale factor a’(t) of the perturbation, we get:

{
a(t)

{

⌦0
0 ⇡ ⌦0 Growth of perturbation

a0 ' (⌦0
0)

1/3

✓
3H0t

2

◆2/3
"
1� 1

12

✓
12tH0(⌦0

0 � 1)3/2

⌦0
0

◆2/3
#
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Fate of overdense regions

The density of the fluctuation is then

⇢0 = ⇢00(a
0)�3

Using (1-δ)-3 ≈ 1+3δ  for δ≪1: 

a0 ' (⌦0
0)

1/3

✓
3H0t

2

◆2/3
"
1� 1

12

✓
12tH0(⌦0

0 � 1)3/2

⌦0
0

◆2/3
#

<latexit sha1_base64="3qO1i6S8yisSJbzXW4t+qVasZhA="></latexit><latexit sha1_base64="3qO1i6S8yisSJbzXW4t+qVasZhA="></latexit>

⇢0 ' ⇢0a
�3


1 + a

✓
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(⌦0
0)

2/3

◆�
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Fate of overdense regions

The density contrast then grows as

⇢0 ' ⇢0a
�3


1 + a

✓
⌦0

0 � 1

(⌦0
0)

2/3

◆�
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⇢
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⌘i
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<latexit sha1_base64="7PYM9YBkPZoWauQegd0T1sRwDrU="></latexit><latexit sha1_base64="7PYM9YBkPZoWauQegd0T1sRwDrU="></latexit>

� = a

✓
⌦0

0 � 1

(⌦0
0)

2/3

◆
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Small density contrasts Δ grow slowly with a 
(approximately linearly):

Derived here for the special case of an Einstein-
de Sitter Universe, but (qualitatively) true 
generally.

Key Point:

� =

✓
⌦0

0 � 1

(⌦0
0)

2/3

◆
a
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Growth of small fluctuations
More general analysis
(still assuming no pressure): �(a) =

5⌦0

2

✓
1
a

da

dt

◆ Z a

0

✓
da0

dt

◆�3

da0

Heath (1977); Carroll et al. (1992)

⌦⇤ = 0 ⌦⇤ + ⌦0 = 1



The linear regime

• Fluctuations that are now in the non-linear regime 
(Δ≳1) must already have had significant amplitudes 
at recombination.

• At z=1000, present-day virialized structures (galaxies, 
clusters) must have corresponded to Δ≳10-3 - much 
larger than the fluctuations seen in the baryonic 
matter in the CMB (~ 10-5)!



When did virialized structures form?

• “Top-hat” model:  
Consider collapse of spherically symmetric 
over-densities.

• Initially: evolve as “mini-Universes” with higher 
than critical density

• At some time tmax these reach maximum scale 
factor amax, and then recollapse



⌦0 = 1

⌦0 > 1

Top-hat model



The top-hat model
Follow the evolution of a “mini-Universe” with Ω0>1:

a(✓) =

⌦

0
0

2(⌦

0
0 � 1)

(1� cos ✓)
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⌦0

0

2H0(⌦0
0 � 1)3/2

(✓ � sin ✓)
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Will reach maximum scale factor amax for θ=π, and recollapse for θ=2π.
At the “turn-around” point (cos θ = -1), 

a
max

=
⌦0

0

⌦0
0

� 1
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Top-hat model
At the “turn-around” point, 

while the background scale factor is

a =
✓

3H
0

t
max

2

◆
2/3

a
max

=
⌦0

0

⌦0
0

� 1
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The density contrast is then

= 9⇡2/16 ⇡ 5.55

⇢
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⇢
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= ⌦0
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a
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◆
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⌦0 = 1

1.773 = 5.55

⌦0
0 > 1
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Top-hat model cont’d
By the time the perturbation has decoupled completely (expansion 
halted), it already has Δ≈5.

“Total recollapse” occurs at

t
coll

= 2 t
max

In terms of redshift, 

1 + z
max

1 + z
coll

=
a
max

a
coll

=
✓

t
coll

t
max

◆
2/3

1 + z
coll

=
1 + z

max

22/3

E.g, for zcoll=0 (now), we get zmax~0.6



The collapse

Overdensity reaches virial equilibrium on “violent relaxation” time scale:

where P is roughly the crossing time of the system (Lynden-Bell 1967).

Tr ⇡
3P

8⇡

Applies to systems that are initially far from equilibrium configuration.

Solution to “Zwicky’s paradox”  (Zwicky 1939): 
Two-body relaxation time scales of galaxy clusters are of order 1018 years, 
why do they appear as symmetric as they do?







The collapse

At point of maximum expansion, tmax:

Perturbation of mass M has some 
radius rmax.

Potential energy:

Kinetic energy at this point:

T = 0

U = �3
5

GM2

r
max

r
max

U = U(r
max

)
T = 0



The collapse
Virial equilibrium is reached when 

T = �1
2
U

By energy conservation, 

T (r
vir

) = U(r
max

)� U(r
vir

)
that is, 

�3
5

GM2

r
max

= �1
2

3
5

GM2

r
vir

U(r
max

) =
1
2
U(r

vir

)

r
vir

=
1
2
r
max

Virial equilibrium is reached when perturbation has contracted to half 
its maximum size and 8x the minimum density.

r
max

U = U(r
max

)T = 0
Maximum expansion:

rvir

T = �1
2
U

Virial equilibrium:



tvir

⇢vir/⇢0 ⇡ 150
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Collapse of structure
Key point:

Structures became virialised once their 
densities reached >100 times the 

background density



When did structures become virialised?

Individual galaxies:

Today,   Δ≈106

Epoch when  ρgal≈102 <ρ> 

⇢/⇢0 ⇡ 104 ! (1 + z) ⇡ 20

Galaxy clusters

Today,   Δ≈103 

⇢/⇢0 ⇡ 10! (1 + z) ⇡ 2

We expect galaxy clusters to have become virialised 
relatively recently (some are not yet fully virialised).



The mass function of bound structures

• Investigated by Press & Schechter (1974)

• Basic assumptions:

• Density spectrum is initially Gaussian

• Perturbations initially grow linearly, then 
collapse rapidly when they exceed some 
threshold amplitude Δc.

• Growth is hierarchical: Small perturbations 
can be part of larger ones



Press-Schechter theory
Suppose the matter consists of randomly distributed particles.

For average volume number density n(m) and particle mass m the 
variance on the mass in a unit volume is

�2 =
Z 1

0
m2n(m)dm

For fluctuations occupying a volume V the variance is

⌃2
V = V �2

Normalized to the mass in the volume:

⌃V /M(V ) =
�
p

V

⇢V
=

�

⇢
p

V



Press-Schechter theory
Normalised to the mass in the volume:

⌃V /M(V ) =
�
p

V

⇢V
=

�

⇢
p

V

That is, the probability distribution of over-densities Δ within V is

p(�, V ) =

1p
2⇡�?

exp

✓
�1

2

�

2

�

2
?

◆

The relative fluctuations in M within volume V:

are normally distributed with standard deviation

�? = �/(⇢
p
V )

� ⌘ ⌃V

hM(V )i =
M(V )� hM(V )i

hM(V )i
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Press-Schechter theory
Probability distribution of overdensities Δ:

p(�, V ) =

1p
2⇡�?

exp

✓
�1

2

�

2

�

2
?

◆

Next: Probability distribution of bound overdensities.

Assume 
- Fluctuations with Δ > Δcrit  at some scale factor a2 are bound
- Growth is linear: Δ(a2) = (a2/a1) Δ(a1) for scale factors a1 and a2.

Fluctuations that are critical at a2 then had an “initial” density contrast

�1 =
a1

a2
�crit



Press-Schechter theory
Probability that a volume contains a bound fluctuation by a2 is then

P
bound

=
Z 1

�=�1

p(�, V ) d�

=

1p
2⇡�?

Z 1

�=�1

exp

✓
�1

2

�

2

�

2
?

◆
d�

=
1
2
erfc

✓
�crita1p
2�?a2

◆

Inserting we then have �? = �/(⇢1
p
V )
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1

2
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�
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⇢
1

p
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2�a

2

!
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erfc(x) = 1� erf(x)
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Press-Schechter theory

Since fluctuations are small initially, M ≈ ρ1 V so 

This is the fraction of fluctuations with mass M that have collapsed by a2.

P
bound

(V ) =
1

2
erfc

 
�

crit

⇢
1

p
V a

1p
2�a

2

!
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Some of these will be part of larger collapsed volumes.  The 
fraction of independent collapsed fluctuations is therefore
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Press-Schechter theory
The fraction of independent collapsed fluctuations is

which is of the form
dN

dM
/M�3/2

exp(�M/M?
)

with M? / a2

dP
bound

dM
=

d

dM

1

2
erfc
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a
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a
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Press-Schechter mass function:

Low masses (M<<M*):  
Power-law shape

High masses (M>M*):   
Exponential cut-off

M* scales with a2.

Binggeli (1987)
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Comparison with simulations

Somerville et al. (2000)

Solid curves:
Numerical simulation

Dashed curves:
Press-Schechter model
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Comparison with simulations

based on this formula may contain large errors15. We return below to
the important question of the abundance of quasars at early times.
To track the formation of galaxies and quasars in the simulation,

we implement a semi-analytic model to follow gas, star and super-
massive black-hole processes within the merger history trees of dark
matter haloes and their substructures (see Supplementary Infor-
mation). The trees contain a total of about 800 million nodes, each
corresponding to a dark matter subhalo and its associated galaxies.
This methodology allows us to test, during postprocessing, many
different phenomenological treatments of gas cooling, star for-
mation, AGN growth, feedback, chemical enrichment and so on.
Here, we use an update of models described in refs 16 and 17, which
are similar in spirit to previous semi-analytic models18–23; the
modelling assumptions and parameters are adjusted by trial and
error to fit the observed properties of low-redshift galaxies, primarily
their joint luminosity–colour distribution and their distributions of
morphology, gas content and central black-hole mass. Our use of a
high-resolution simulation, particularly our ability to track the
evolution of dark matter substructures, removes much of the
uncertainty of the more traditional semi-analytic approaches based
onMonte Carlo realizations of merger trees. Our technique provides
accurate positions and peculiar velocities for all the model galaxies. It
also enables us to follow the evolutionary history of individual
objects and thus to investigate the relationship between populations
seen at different epochs. It is the ability to establish such evolutionary
connections that makes this kind of modelling so powerful for
interpreting observational data.

The fate of the first quasars
Quasars are among the most luminous objects in the Universe and
can be detected at huge cosmological distances. Their luminosity is
thought to be powered by accretion onto a central, supermassive
black hole. Bright quasars have now been discovered as far back
as redshift z ¼ 6.43 (ref. 24), and are believed to harbour central

black holes with a mass a billion times that of the Sun. At redshift
z < 6, their co-moving space density is estimated to be
,(2.2 ^ 0.73) £ 1029h3Mpc23 (ref. 25). Whether such extremely
rare objects can form at all in a LCDM cosmology is unknown.
A volume the size of the Millennium Simulation should contain,

on average, just under one quasar at the above space density. Just
what sort of object should be associated with these ‘first quasars’ is,
however, a matter of debate. In the local Universe, it appears that
every bright galaxy hosts a supermassive black hole and there is a
remarkably good correlation between the mass of the central black
hole and the stellar mass or velocity dispersion of the bulge of the
host galaxy26. It would therefore seem natural to assume that, at any
epoch, the brightest quasars are always hosted by the largest galaxies.
In our simulation, ‘large galaxies’ can be identified in various ways,
for example, according to their dark matter halo mass, stellar mass or
instantaneous star-formation rate.We have identified the ten ‘largest’
objects defined in these three ways at redshift z ¼ 6.2. It turns out
that these criteria all select essentially the same objects: the eight
largest galaxies by halo mass are identical to the eight largest galaxies
by stellar mass; only the ranking differs. Somewhat larger differences
are present when galaxies are selected by star-formation rate, but
the four first-ranked galaxies are still among the eight identified
according to the other two criteria.
In Fig. 3, we illustrate the environment of a ‘first quasar’ candidate

in our simulation at z ¼ 6.2. The object lies on one of the most
prominent dark matter filaments and is surrounded by a large
number of other, much fainter galaxies. It has a stellar mass of
6.8 £ 1010h21M(, the largest in the entire simulation at z ¼ 6.2, a
dark matter virial mass of 3.9 £ 1012h21M(, and a star-formation
rate of 235M(yr21. In the local Universe, central black-hole masses
are typically,1/1,000 of the bulge stellar mass27, but in the model we
test here these massive early galaxies have black-hole masses in the
range 108–109M(, significantly larger than low-redshift galaxies of
similar stellar mass. To attain the observed luminosities, they must
convert infalling mass to radiated energy with a somewhat higher
efficiency than the ,0.1c 2 expected for accretion onto a non-
spinning black hole (where c is the speed of light in vacuum).
Within our simulation we can readily address fundamental ques-

tions such as: Where are the descendants of the early quasars today?
What were their progenitors? By tracking themerging history trees of
the host haloes, we find that all our quasar candidates end up today as
central galaxies in rich clusters. For example, the object depicted in
Fig. 3 lies, today, at the centre of the ninth most massive cluster in the
volume, of mass M ¼ 1.46 £ 1015h21M(. The candidate with
the largest virial mass at z ¼ 6.2 (which has stellar mass
4.7 £ 1010h21M(, virial mass 4.85 £ 1012h21M(, and star-for-
mation rate 218M(yr21) ends up in the secondmostmassive cluster,
ofmass 3.39 £ 1015h21M(. Following themerging tree backwards in
time, we can trace our quasar candidate back to redshift z ¼ 16.7,
when its host halo had a mass of only 1.8 £ 1010h21M(. At this
epoch, it is one of just 18 objects that we identify as collapsed systems
with $20 particles. These results confirm the view that rich galaxy
clusters are rather special places. Not only are they the largest
virialized structures today, they also lie in the regions where the
first structures developed at high redshift. Thus, the best place to
search for the oldest stars in theUniverse or for the descendants of the
first supermassive black holes is at the centres of present-day rich
galaxy clusters.

The clustering evolution of dark matter and galaxies
The combination of a large-volume, high-resolution N-body simu-
lation with realistic modelling of galaxies enables us to make precise
theoretical predictions for the clustering of galaxies as a function of
redshift and intrinsic galaxy properties. These can be compared
directly with existing and planned surveys. The two-point correlation
function of our model galaxies at redshift z ¼ 0 is plotted in Fig. 4
and is compared with a recent measurement from the 2dFGRS

Figure 2 | Differential halo number density as a function of mass and
epoch. The function n(M, z) gives the co-moving number density of
haloes less massive than M. We plot it as the halo multiplicity function
M2r21dn/dM (symbols with 1-j error bars), where r is the mean density of
the Universe. Groups of particles were found using a friends-of-friends
algorithm6 with linking length equal to 0.2 of the mean particle separation.
The fraction of mass bound to haloes of more than 20 particles (vertical
dotted line) grows from 6.42 £ 1024 at z ¼ 10.07 to 0.496 at z ¼ 0. Solid
lines are predictions from an analytic fitting function proposed in previous
work11, and the dashed blue lines give the Press–Schechter model14 at
z ¼ 10.07 and z ¼ 0.
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Springel et al. (2005)

Solid curves:
Millennium simulation

Dotted curves:
Press-Schechter model

Massive galaxy clusters 
should be rare at high 
redshifts.
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The Mass Scale for Galaxies 3

recombination baryonic density perturbations have roughly the same amplitude
as the CMB fluctuations, which we now know were much too small to produce
today’s clusters of galaxies. What we didn’t appreciate was that non-baryonic
dark matter perturbations, uncoupled to the photons and the baryons, could
have been growing while the baryonic perturbations were locked into the photon
fluid. Clusters of galaxies are fundamentally self-gravitating, pressure supported
spheroids of dark, non-baryonic matter. Their baryons comprise only a small
fraction of their mass. And the galaxies from which they take their name include
only a small fraction of the baryons.

Such shortcomings notwithstanding, many investigators have found the Press-
Schechter recipe to be an acceptable first cut at the mass function for clusters
of galaxies. The answer to our first question appears to be “yes” – the mass
function has an exponential cutoff.

2 The Luminosity Function for Galaxies

2.1 the shape of the luminosity function

Hubble, Zwicky and George Abell all carried out studies of the luminosity func-
tion for galaxies, and and all of them found that there is a characteristic lu-
minosity. They differed considerably, however, on the shape of the luminosity
function. Hubble found it to be roughly Gaussian and Abell found the cumula-
tive luminosity function to be a broken power law.

In one of the opening volleys of the science wars, Abraham Maslow wrote
[13] wrote:

I suppose it is tempting, if the only tool you have is a hammer, to
treat everything as if it were a nail.

It’s true. My hammer was the power law with an exponential cutoff and I ham-
mered on the luminosity function for galaxies [19].

Many investigators have wielded this hammer since, and some have found it
unsatisfactory. But it would still seem to be of some use. In their analysis of the
SDSS commissioning data, Blanton et al. find, to their evident surprise, that a
power law with an exponential cutoff fits their data better than an alternative,
non-parametric model [3]. The answer to the second question would also appear
to be “yes.”

2.2 implications for the mass function

From the outset it seemed somewhat inconsistent, perhaps even hypocritical, to
use roughly the same functional form for both the mass function for galaxies
and the luminosity function for galaxies. One might argue that the same process
which gives rise to the cluster mass function gives rise to the galaxy mass func-
tion at some earlier time, but this argument is flawed. The idea of self-similar
condensation was that the objects seen at one epoch would merge to form larger
objects. How could they merge and yet survive? We would be eating our cake and

Schechter (2002)



Problems with Press-Schechter analysis

• Assuming spherical symmetry

• Schechter mass predicted at z=0 is of order 1015 
M⊙ - applicable to galaxy clusters.

• The MF for individual galaxies also follows a 
Schechter function, but with much lower M*

• Why the two different characteristic masses?

• Important physics missing: baryons (dissipation 
and feedback).



Going further

• Major simplification in the top-hat model and 
Press-Schechter formalism: spherical symmetry

• Better: treat perturbations as tri-axial ellipses

• Tri-axial perturbations collapse across the 
shortest axis first and form pancakes and filaments 
(Zeldovich 1970)

• Most general approach: follow evolution with 
numerical N-body simulations



Example N-body sim.

• “Millennium” simulation, Springel et al. (2005):

• Simulation started at z=127 with a random 
realization of fluctuation power-spectrum from 
CMBFAST code

• Cosmological parameters:  
Ω0 = 0.25, ΩB=0.045, ΩΛ=0.75, H0=73 km/s/Mpc

• Simulation volume (685 Mpc)3, 1010 particles (each 
individual particle has M ~ 109 M⊙)



Millennium Simulation because of its size—was carried out by the
Virgo Consortium, a collaboration of British, German, Canadian and
US astrophysicists. It follows N ¼ 2,1603 ø 1.0078 £ 1010 particles
from redshift z ¼ 127 to the present in a cubic region 500h21Mpc on
a side, where 1 þ z is the expansion factor of the Universe relative to
the present and h is Hubble’s constant in units of 100 km s21Mpc21.
With ten times as many particles as the previous largest compu-
tations of this kind7–9 (see Supplementary Information), it offers
substantially improved spatial and time resolution within a large
cosmological volume. Combining this simulation with new tech-
niques for following the formation and evolution of galaxies, we
predict the positions, velocities and intrinsic properties of all galaxies
brighter than the Small Magellanic Cloud throughout volumes
comparable to the largest current surveys. Crucially, this also allows
us to establish evolutionary links between objects observed at
different epochs. For example, we demonstrate that galaxies with
supermassive central black holes can plausibly form early enough in
the standard cold dark matter cosmology to host the first known
quasars, and that these end up at the centres of rich galaxy clusters
today.

Dark matter haloes and galaxies
The mass distribution in a LCDM universe has a complex topology,
often described as a ‘cosmic web’10. This is visible in Fig. 1 (see also

the corresponding Supplementary Video). The zoomed-out panel at
the bottom of the figure reveals a tight network of cold dark matter
clusters and filaments of characteristic size,100h21Mpc. On larger
scales, there is little discernible structure and the distribution appears
homogeneous and isotropic. Subsequent images zoom in by factors
of four onto the region surrounding one of the many rich galaxy
clusters. The final image reveals several hundred dark matter sub-
structures, resolved as independent, gravitationally bound objects
orbiting within the cluster halo. These substructures are the rem-
nants of dark matter haloes that fell into the cluster at earlier times.
The space density of dark matter haloes at various epochs in the

simulation is shown in Fig. 2. At present, there are about 18 million
haloes above a detection threshold of 20 particles; 49.6% of all
particles are included in these haloes. These statistics provide the
most precise determination to date of the mass function of cold dark
matter haloes11,12. In the range that is well sampled in our simulation
(z # 12, M $ 1.7 £ 1010h21M(, where M( is the solar mass), our
results are remarkably well described by the analytic formula pro-
posed by ref. 11 fromfits to previous simulations. Theoretical models
based on an ellipsoidal excursion set formulation13 give a less
accurate, but still reasonable, match. However, the commonly used
Press–Schechter formula14 underpredicts the high-mass end of the
mass function by up to an order of magnitude. Previous studies of the
abundance of rare objects, such as luminous quasars or clusters,

Figure 1 | The dark matter density field on various scales. Each individual
image shows the projected dark matter density field in a slab of thickness
15h21Mpc (sliced from the periodic simulation volume at an angle chosen
to avoid replicating structures in the lower two images), colour-coded by

density and local dark matter velocity dispersion. The zoom sequence
displays consecutive enlargements by factors of four, centred on one of the
many galaxy cluster haloes present in the simulation.
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“Millennium” simulation

Springel et al. (2005)
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