
Gravitational lensing

Abell 2218 (Hubble Space Telescope image)



Brief history of gravitational lensing

• Newton, in “Opticks” (1704):  
Do not Bodies act upon Light at a distance, and by their action bend its Rays; and is not this 
action (cæteris paribus [all else being equal]) strongest at the least distance? 

• First calculated in detail in 1804 by J. Soldner: Newtonian calculation 
predicts a deflection of 0.84” for a light ray close to the edge of the Sun

• General Relativity (Einstein 1915): Deflection twice as large as 
Newtonian prediction

• Effect first measured by Eddington (1919) during Solar eclipse; 
measurements agreed with GR prediction

• Gravitational lensing for galaxies discussed by Zwicky (1937)

• First measured in extragalactic context (binary quasar) by Walsh et al. 
(1979)



The Schwarzschild solution
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= Schwarzschild radius 
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⇣
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For a path in the “(x,y)” plane, we have θ=π/2 and only (r,ϕ) vary.

 
Defining u≡r-1, projection of null geodesic (ds2=0) onto (r,ϕ) plane is 
given by

d2u

d�2
+ u =

3GM

c2
u2
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The Schwarzschild metric is the spherically symmetric solution to 
the vacuum field equations:

(see, e.g., Introducing Einstein’s Relativity, R. D’Inverno, Oxford Univ. Press, 1992)
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Bending of light

✏ = rs/Rmin
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Null geodesics:

For Rmin ≫ rs, 

So the full deflection, α=2ε, is

u ⇠ sin �

Rmin
+

rs

2

(1 + cos

2 �)

R2
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(see, e.g., Introducing Einstein’s Relativity, R. D’Inverno, Oxford Univ. Press, 1992)



Lensing terminology
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Figure 2: Setup of a gravitational lens situation: The lens L located between
source S and observer O produces two images S

1

and S
2

of the background
source.

Living Reviews in Relativity (1998-12)
http://www.livingreviews.org

Wambsganss (1998)

Deflection depends on 
mass of lens (L)

Note: always (at least) two 
images (for point-like lens!)
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(for ✓, �, ↵̃ ⌧ 1; this condition is fulfilled in practically all astrophysically
relevant situations). With the definition of the reduced deflection angle as
↵(✓) = (DLS/DS)↵̃(✓), this can be expressed as:

� = ✓ � ↵(✓). (6)

This relation between the positions of images and source can easily be derived
for a non-symmetric mass distribution as well. In that case, all angles are
vector-valued. The two-dimensional lens equation then reads:

~� = ~✓ � ~↵(~✓). (7)

Figure 3: The relation between the various angles and distances involved in the
lensing setup can be derived for the case ↵̃ ⌧ 1 and formulated in the lens
equation (6).

Living Reviews in Relativity (1998-12)
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Deflection angle:

↵̃(⇠) =
4GM(⇠)

c2

1
⇠

for mass M(ξ) within ξ
(Einstein 1915)

Distances are angular 
diameter distances.



↵̃(⇠) =
4GM(⇠)

c2

1
⇠

If β=0 (source, lens and observer perfectly aligned):

✓E = ↵̃

✓
DLS

DS

◆
=

4GM

c2⇠

✓
DLS

DS

◆

=
4GM

c2✓EDL

✓
DLS

DS

◆

✓2
E =

4GM

c2

✓
DLS

DSDL

◆

The image of the background source is an “Einstein 
ring” with radius θE.

DS

DLS

DL

✓E

↵̃

⇠

↵̃DLS = ✓EDS



Einstein ring

For stars in Milky Way: 
  M ~ M⊙,  D ~ 1 kpc ➝  θE ~ 3×10-3 arcsec

✓2
E =

4GM

c2

✓
DLS

DSDL

◆

For galaxy clusters at cosmological distances (z~1)
  M ~ 1015 M⊙,  D ~ 2 Gpc ➝  θE ~ 60 arcsec
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at z
L

= 0.85. Recently, a remarkable observation of the Einstein ring 1938+666
was presented [72]. The infrared HST image shows an almost perfectly circular
ring with two bright parts plus the bright central galaxy. The contours agree
very well with the MERLIN radio map (see Figure 15).

Figure 15: Einstein ring 1938+666 (from [72]): The left panel shows the radio
map as contour superimposed on the grey scale HST/NiCMOS image; the right
panel is a color depiction of the infrard HST/NICMOS image. The diameter of
the ring is about 0.95 arcseconds. (Credits: Neal Jackson.)

By now about a half dozen cases have been found that qualify as Einstein
rings [102].

Their diameters vary between 0.33 and about 2 arcseconds. All of them are
found in the radio regime, some have optical or infrared counterparts as well.
Some of the Einstein rings are not really complete rings, but they are “broken”
rings with one or two interruptions along the circle. The sources of most Einstein
rings have both an extended and a compact component. The latter is always
seen as a double image, separated by roughly the diameter of the Einstein ring.
In some cases monitoring of the radio flux showed that the compact source is
variable. This gives the opportunity to measure the time delay and the Hubble
constant H

0

in these systems.
The Einstein ring systems provide some advantages over the multiply-imaged

quasar systems for the goal to determine the lens structure and/or the Hubble

Living Reviews in Relativity (1998-12)
http://www.livingreviews.org
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(for ✓, �, ↵̃ ⌧ 1; this condition is fulfilled in practically all astrophysically
relevant situations). With the definition of the reduced deflection angle as
↵(✓) = (DLS/DS)↵̃(✓), this can be expressed as:

� = ✓ � ↵(✓). (6)

This relation between the positions of images and source can easily be derived
for a non-symmetric mass distribution as well. In that case, all angles are
vector-valued. The two-dimensional lens equation then reads:

~� = ~✓ � ~↵(~✓). (7)

Figure 3: The relation between the various angles and distances involved in the
lensing setup can be derived for the case ↵̃ ⌧ 1 and formulated in the lens
equation (6).
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Reduced deflection angle, α (seen from O):

� = ✓ � ↵(✓)

For small angles (as before)

↵(✓) = ↵̃

✓
DLS

DS

◆

=
4GM

c2⇠

DLS

DS
=

4GM

c2✓

✓
DLS

DSDL

◆

Recall Einstein radius

✓2
E =

4GM

c2

✓
DLS

DSDL

◆

Thus,
↵(✓) =

✓2
E

✓
� = ✓ � ✓2

E/✓

✓ =
� ±

p
�2 + 4✓2

E

2

Which has the two solutions:

The lens equation
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Figure 6: In this false color Hubble Space Telescope image of the double quasar
Q0957+561A,B. The two images A (bottom) and B (top) are separated by 6.1
arcseconds. Image B is about 1 arcsecond away from the core of the galaxy,
and hence seen “through” the halo of the galaxy. (Credits: E.E. Falco et al.
(CASTLE collaboration [47]) and NASA.)

Living Reviews in Relativity (1998-12)
http://www.livingreviews.org

Wambsganss 1998
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this also tells us that a possible third image of the quasar must be very faint,
below the detection limit of all the radio observations6. In Figure 7, a “jet” can
be seen emerging from image A (at the top). It is not unusual for radio quasars
to have such a “jet” feature. This is most likely matter that is ejected from the
central engine of the quasar with very high speed along the polar axis of the
central black hole. The reason that this jet is seen only around one image is
that it lies outside the caustic region in the source plane, which marks the part
that is multiply imaged. Only the compact core of the quasar lies inside the
caustic and is doubly imaged.

Figure 7: Radio image of Q0957+561 from MERLIN telescope. It clearly shows
the two point like images of the quasar core and the jet emanating only from the
Northern part. (Credits: N. Jackson, Jodrell Bank.)

As stated above, a virtual “proof” of a gravitational lens system is a mea-
surement of the “time delay” �t, the relative shift of the light curves of the
two or more images, I

A

(t) and I
B

(t), so that I
B

(t) = const ⇥ I
A

(t + �t). Any
intrinsic fluctuation of the quasar shows up in both images, in general with an

6There exists a theorem that gravitational lenses should produce an odd number of images
(e.g., [90]).

Living Reviews in Relativity (1998-12)
http://www.livingreviews.org



Time delay

Wambsganss (1998)

Light travel times differ for 
S1 and S2:

⌧(✓,�) =
1 + zL

c

DLDS

DLS

✓
1

2
(✓ � �)2 �  (✓)

◆
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Time delay:

Distances depend on H0:
DL = f(zL, H0)
DS = f(zS, H0)

Gravitational lensing can constrain H0.

Geometry          “Shapiro delay”
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(for ✓, �, ↵̃ ⌧ 1; this condition is fulfilled in practically all astrophysically
relevant situations). With the definition of the reduced deflection angle as
↵(✓) = (DLS/DS)↵̃(✓), this can be expressed as:

� = ✓ � ↵(✓). (6)

This relation between the positions of images and source can easily be derived
for a non-symmetric mass distribution as well. In that case, all angles are
vector-valued. The two-dimensional lens equation then reads:

~� = ~✓ � ~↵(~✓). (7)

Figure 3: The relation between the various angles and distances involved in the
lensing setup can be derived for the case ↵̃ ⌧ 1 and formulated in the lens
equation (6).

Living Reviews in Relativity (1998-12)
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Figure 8: Optical Lightcurves of images Q0957+561 A and B (top panel: g-
band; bottom panel: r-band). The blue curve is the one of leading image A,
the red one the trailing image B. Note the steep drop that occured in December
1994 in image A and was seen in February 1996 in image B. The light curves
are shifted in time by about 417 days relative to each other. (Credits: Tomislav
Kundić; see also [79])

Living Reviews in Relativity (1998-12)
http://www.livingreviews.org
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Magnification by lensing
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DS

DLS

DL

↵̃

⇠

Extended deflectors
Why don’t we always get multiple lensed 
images?

Consider a light ray grazing the edge of the 
mass distribution at radius ξ

If M(ξ) is too small, then the deflected light 
ray does not reach the observer and no 
multiple images are seen.

M(⇠)



Extended deflectors
Why don’t we always get multiple lensed 
images?

Consider a light ray grazing the edge of the 
mass distribution at radius ξ

If M(ξ) is too small, then the deflected light 
ray does not reach the observer and no 
multiple images are seen.

DS

DLS

DL

↵̃

⇠

M(⇠)

The enclosed mass M(ξ) must be sufficient to 
produce an Einstein ring with radius ξ/DL



Extended deflectors
Einstein radius:
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4GM

c2
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Define critical mass surface density
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For cosmological distances, 

⌃crit ⇡ 1015M�Mpc�2

Comparable to that of rich galaxy clusters
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Figure 17: Galaxy Cluster CL0024+1654 with multiple images of a blue back-
ground galaxy. The original picture and more information can be obtained
at [144]. A scientific analysis which includes a reconstruction of the source
galaxy can be found in [33]. (Credits: W.N. Colley, E. Turner, J.A. Tyson and
NASA.)

Living Reviews in Relativity (1998-12)
http://www.livingreviews.org

FIG. 1.—Color image of the field of the massive z 5 0.39 cluster 002411654 generated from co-added 15,000 s imaging data in the F450W and F814W filters on
the HST WFC2 chips. North is up and east is left. The longest side of the image is 2#7. Five blue arcs, each an image of the same background source at much higher
redshift, may be seen. Three of them, two arcs to the southeast and one counterarc to the northwest, are highly magnified. Our reconstruction of the source (see text)
by unlensing each of these longest arcs is shown in the inset. The source-plane scale is indicated by a 10 bar. Note that the resolution is greater along the long axis
of the arcs.

COLLEY, TYSON, & TURNER (see 461, L84)

PLATE L15

Reconstructed images of  
the source galaxy
(Colley et al. 1996)



Fig. 1.—The reconstructed total mass density in CL 0024 is shown as a color-coded mass image. The DM is shown in orange. The mass associated with visible
galaxies is shown in blue. The contours are at 0.5, 1, and 1.5 times the critical lensing density (4497 pc ), with heavier contour at the critical lensing21 22h d M0.57 ,

density. This image is 336 kpc across. North is up, and east is left.21h

Tyson, Kochanski, & Dell’Antonio (see 496, L108)

PLATE L4

No. 2, 1998 DETAILED MASS MAP OF CL 002411654 L109

Fig. 4.—A radial plot of the mass density and light density. Total (thick line) and galaxy-only (thin line) components of the mass are shown. The dotted line
is the best NFW fit discussed in the text, and the dashed line is the best-fit single PL model. The 35 kpc soft core in the mass is evident. A singular mass21h
distribution is ruled out. The total rest-frame V light profile (solid line) and galaxy V light profile (dashed line), smoothed with a 5 kpc Gaussian, are also21h
shown.

slightly shallower than an isothermal sphere (g 5 0.575
). Outside the core, the model is indistinguishable from an0.02

NFW model mass distribution with kpc and21r 5 2500 h200
concentration parameter . However, the presence of ac 5 8.05
soft core is in disagreement with the results from recent CDM
simulations. For the NFW model that matches the mass dis-
tribution outside the core, the required meanmass density inside
the inner (E) arc’s radius is 40% ( ) higher223500 h M pc,

than observed (see Fig. 4). This corresponds to an extra interior
mass of , which we can rule out at greater12 212# 10 h M,

than 10 j: the position of arc E would be perturbed by over
20 pixels. Trading mass with the central galaxies also fails.
The total mass enclosed inside the 107 h21 kpc radius of the

arcs is

14 21 21( )M 5 1.6625 0.002 #10 h d M , (2)107 0.57 ,

where the dimensionless distance ratio d 50.57
contains the uncertainty in the(D /D ) /0.57 5 15 0.15ls s

source redshift. The source’s featureless spectrum, star-forming
morphology and color, and presumed [O ii] and Lya emission
lines suggest a redshift in the range . Measures of1.2 ! z ! 1.8
mass segregation and clumpiness and the morphology are in-
dependent of .d0.57
To allow a quantitative comparison of our results with future

simulations, we have calculated a clumpiness measure for the
projected mass density :S(r)

2
S(r)2 S(2r)2 21 2C 5 A d r, (3)E [ ]
S(r)1 S(2r)

A

as an average of the normalized density asymmetry over the
lens-plane area A, with r measured from the centroid that pro-
duces the smallest C. This measure is zero for twofold sym-
metric mass distributions, measures the deviation from smooth-
ness, and is unaffected by ellipticity.
We calculate this statistic several ways: for mass not asso-

ciated with luminous galaxies and for the total mass distribu-
tion, smoothed on three scales. All the C measures are inte-
grated over a 107 h21 kpc radius circle centered on the cluster
DM [(1950) R.A. 5 00h23m56s.6, decl. 5 167539150]. Using
Gaussian smoothing with j 5 10, 20, and 40 h kpc, we find21

, , and , re-C 5 0.0715 0.005 0.0495 0.002 0.0365 0.001
spectively, for the full mass distribution. If we exclude the
galaxies, , , andC 5 0.0255 0.003 0.0295 0.003 0.0225

. The range of C includes uncertainties in the mass dis-0.002
tribution, correction factors due to undersampling of the mass
distribution, and a 10% variation in the radius of the circle of
integration. This is a very smooth and symmetric distribution,
even with the galaxies included, and the nongalaxy DM is
smoother still. When comparing the results of N-body simu-
lations with our data using equation (3), it is important that
the simulations have both sufficient resolution and enoughmass
elements to ensure that the simulation’s Poisson noise does not
bias the statistic.
Wilson, Cole, & Frenk (1996) propose a mass quadrupole

measure Q(A), which may also distinguish between clusters in
different cosmologies. For isodensity contours within 10% of
3820 pc (which has an area of arcmin ),21 22 2d h M A 5 1.20.57 ,

we measure Q(A) 5 , for the total mass distri-0.0285 0.011
bution. The largest part of the range comes from the choice of
contour, because of the effect of cluster galaxies near the con-

1015 M�Mpc�2
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Weak lensing

• In principle, any line of sight in the Universe is 
affected by gravitational lensing at some level

• This modifies the brightness, shape and 
position of distant galaxies

• Effect generally too weak to measure for 
individual galaxies

• Measurable by averaging over large samples of 
galaxy images.
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Distortion by lensing
Area of unlensed image: AU / � d�
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Distortion of lensed images, for θ>θE (weak lensing):
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d�
< 1 - images get compressed in radial direction

✓

�
> 1 - images get enlarged in tangential direction



Mellier 1999, ARA&A 37, 127

Strong and weak lensing
True orientation of shear

Average measured orientation

Simulation of galaxy cluster at z=0.15 and background galaxies at <z>=1



Quantifying the shear
Define quadrupole moments of light distribution:

qij ⌘
Z

I
obs

(✓)✓i✓jd
2✓
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For a circularly symmetric source, we have 
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Define parameters ε1 and ε2:

These will both be zero for symmetric sources





Weak lensing

• By measuring distortion of numerous 
background galaxies, one can work backwards 
and find the spatial distribution of lensing mass

• Statistical technique: distortion must be 
averaged over large number of background 
galaxies

• Technically challenging: distortion is small; need 
very good image quality



The Bullet Cluster

Optical image and contours of mass distribution from 
Weak Lensing

X-Ray image and contours of mass distribution from 
Weak Lensing

Colliding galaxy clusters at z=0.30

Visible and dark matter (non-collisional) 
separated from X-ray gas by collision.



Dark matter candidates

• The critical density, ρcrit = 10-26 kg m-3 (for H0 = 
72 km s-1 Mpc-1) corresponds to about 6 H 
atoms m-3 (if DM were baryonic)

• MAssive Compact Halo Objects (MACHOs)?

• Weakly Interacting Massive Particles (WIMPs)?



Searching for MACHOs

• Paczynski (1986):  “optical depth” of MW Halo to 
gravitational lensing is about 10-6, independent of lens 
mass

• Out of 1 million stars, on average one will be magnified 
by gravitational lensing

• Monitoring of large numbers of stars in nearby galaxies 
might reveal MACHOs



Recap: gravitational lensing
Einstein ring:

✓2
E =

4GM

c2

✓
DLS

DSDL

◆

Magnification:

µ =
u2 + 2

2u
p

u2 + 4
± 1

2
u = �/✓E

µ1+2 =
u2 + 2

u
p

u2 + 4

µ1+2(u = 1) = 1.34
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Figure 3 In this drawing of gravitational lensing, the lensing mass is indicated with a dot at the
center of the Einstein ring, which is marked with a dashed line; the source positions are shown with
a series of small open circles; and the locations and the shapes of the two images are shown with
a series of dark ellipses. At any instant the two images, the source, and the lens are all on a single
line, as shown in the figure for one particular instant.

because of the finite resolution of the optical telescopes. Fortunately, all objects
in the Galaxy move, and we may expect a relative proper motion to be

ṙ =

V
Dd

= 4.22 mas yr�1
✓

V
200 km s�1

◆ ✓
10 kpc
Dd

◆
, (14)

where V is the relative transverse velocity of the lens with respect to the source.
Combining the last two equations we can calculate the characteristic time scale
for a microlensing phenomenon as the time it takes the source to move with
respect to the lens by one Einstein ring radius:

t0 ⌘

rE
ṙ

= 0.214 yr
✓
M
M

�

◆1/2 ✓
Dd

10 kpc

◆1/2 ✓
1�

Dd
Ds

◆1/2 ✓
200 km s�1

V

◆
. (15)

This definition is almost universally accepted, with one major exception: The
MACHO collaborationmultiplies the value of t0 as given by Equation (15) by 2.
While the lens moves with respect to the source, the two images change their

position and brightness, as shown in Figure 3. When the source is close to the
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Paczynski (1996)

Lens

Source

Image 1

Image 2



Gravitational microlensing
Optical depth to GL:
  Probability p(A) that a star is magnified by a factor 1.34 or more

To first order, p(A) is independent of the mass of the deflectors:

For mass surface density ΣM and lens mass M, the surface density of 
lenses ΣL is

⌃L = ⌃M/M

The Einstein ring of a single lens has area

Total optical depth is then

AE = ⇡✓2
E =

4⇡GM

c2

✓
DLS

DSDL

◆

⌧L = AE⌃L = ⌃M
4⇡G

c2

✓
DLS

DSDL

◆



Optical depth:

If we are at the centre of the dark halo with mass ~4×1011 M⊙ (as 
suggested by the Galactic rotation curve), then 

⌃M ⇡ 4⇥ 1011M�/4⇡ ⇡ 3⇥ 1010M�sr�1

For deflectors at DL=10 kpc, sources at DS=50 kpc (LMC)

⌧L = AE⌃L = ⌃M
4⇡G

c2

✓
DLS

DSDL

◆

⌧L ⇡ 1.5⇥ 10�6
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Optical depths for more realistic halo model

D = maximum extent of halo



Lensing by MACHOs in the Galactic halo

Milky Way

Sun

Other galaxy
MACHO

Lensed star

v

Time scale for the lensing event:

t =
✓E

vMACHO/DL

For DL~10 kpc, vMACHO~200 km/s, DS~50 kpc (LMC):

=
DL

vMACHO

s
4GM

c2

✓
DLS

DSDL

◆

t ⇡ 70
✓

M

M�

◆1/2

days



Microlensing light curves

u umin

µ1+2 =
u2 + 2

u
p

u2 + 4 u(t) =

s✓
tv

✓EDL
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+ u2
min

Solution degenerate in v, DL and θE(M)
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Characteristic achromatic light curve



Finding MACHOs

• Now we know what to look for:

• Monitor at least a few million stars

• Look for achromatic, symmetric light curves



Searching for MACHOs
• MACHO collaboration: 

- Monitoring of LMC and Galactic bulge, using 50 inch 
telescope at Mt Stromlo, Australia

- 8 million stars in LMC, 10 million in Bulge

• OGLE collaboration:

• Using 1 m telescope at Las Campanas, also LMC + bulge 

• EROS collaboration:

• La Silla (bulge, LMC, SMC)



Results
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toward the Galactic bulge was shown by Bennett et al (1995). It is interesting
that three out of ⇠ 40 MACHO events appear to be at the location occupied
by the bulge horizontal branch stars as well as the disk main sequence stars,
near (V � I ) ⇡ 1.2, V ⇡ 17. Spectroscopic analysis should be able to reveal
whether the lensed stars are in the disk or in the bulge.
The most dramatic result is the estimate by the MACHO collaboration that

the optical depth to microlensing through the Galactic halo is only 9+7
�5 ⇥ 10�8

(based on three events) and can contribute no more than 20% of what would be
needed to account for all dark matter in the halo (Alcock et al 1995a, Alcock
et al 1996). The most surprising result is the OGLE discovery that the optical
depth is as high as 3.3± 1.2⇥ 10�6 (based on nine events) toward the Galactic
bulge (Udalski et al 1994b). This result was found independently by MACHO
with four events (Alcock et al 1995c) and confirmed qualitatively by DUO
(Alard 1996). It should be remembered that all quantitative analyses of the
optical depth as published to date are based on only the 16 events mentioned
above. The statistics improved with the recent preprint (Alcock et al 1995e),
with the analysis of 45 MACHO events detected in the direction of the Galactic
bulge.
Some nonstandard effects that had been first predicted theoretically were

also discovered. These include very dramatic light curves caused by stellar
sources crossing caustics created by double lenses (OGLE #7: Udalski et al
1994d, Bennett et al 1995; DUO #2: Alard et al 1995b; and probably one of

Figure 11 An example of the observed light curve due to a single point mass lensing: the OGLE
lens candidate #2 (Udalski et al 1994a).
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Results

• Many events have been found towards bulge 
(>100), relatively few towards LMC/SMC (~15)

• Most likely masses 0.15 - 0.9 M⊙

• Not enough MACHOs to account for mass of 
dark matter halo, at most ~20%

• The search for DM goes on..


