
Stellar atmospheres 
and spectra



What can we learn?
• In most stars, for most of their lifetime, 

the products of nucleosynthesis remain 
confined to the stellar interior 

• The composition of the stellar 
atmosphere remains (mostly) unchanged 
for most of a star’s lifetime  

• Stellar atmospheres provide a “fossil 
record” of the history of (chemical) 
evolution in a galaxy

Internal structure of the Sun



Stellar atmospheres

Stellar interior

atmosphere • Stellar interior:  
High densities - photons get 
scattered many times, cannot 
escape 

• Stellar atmosphere: 
Outer “layer” where photons 
can escape (and hence be 
observed by us) 

• Usually, the atmosphere is very 
thin compared to the radius of 
a star (about 500 km for the 
Sun).





Structure of the Solar atmosphere
Temperature

Pressure

1 atm

Stellar model atmosphere:  
- Temperature (T) and pressure (P) as a function of depth.  
- We need to know these physical properties before we can 

calculate the emergent spectrum.



Model spectrum for the Sun

Each line corresponds to a transition between two energy levels in a specific atom/ion.  
Line strengths depend on: 
- Abundance of element - chemical composition. 
- Fraction of atoms in relevant state of ionization/excitation - statistical physics. 
- Transition probabilities (“oscillator strengths”) - atomic physics. 
- Absorption/emission along line-of-sight - radiative transfer.



“Vega-like” star 
- Strong hydrogen lines 
- Weak metal lines

Same composition, different stars

“Sun-like” star 
- Weak hydrogen lines 
- Strong metal lines



Local Thermodynamic Eq.
Stellar atmosphere+spectra calculations are 
often carried out under the assumption of Local 
Thermodynamic Equilibrium (LTE). 

In LTE, the excitation and ionization of atoms do 
not depend on the details of the radiation field, 
but only on the temperature. 

Excitation: Boltzmann equation 
Ionization: Saha’s equation



The Boltzmann equation
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Boltzmann equation:

kT >> Eij means more atoms in the upper state
kT << Eij means more atoms in the lower state

For hydrogen:
g1=2, g2=8, E12 = 1.6×10-18 J

T = 5777 K → kT = 8×10-20 J         → N2/N1=8×10-9

T = 10000 K → kT = 1.4×10-19 J    → N2/N1=3.7×10-5

In Vega: N2/N1 about 4000 times higher than in the Sun



The Saha equation
Saha’s equation:
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Gives the ratio of atoms in two ionization stages (lower, upper). 
- I = ionization energy 
- Ne = electron density

U =
X

gie
�Ei/kT
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for partition functions 

Plug this into the Saha Equation giving 

and then compute the fraction of ionized hydrogen which must be 


So, ionization happens in a very narrow range of T. Almost 
completely ionized (95%) by T = 11,000 K.


Plot!


23 


For T>10000 K, most H atoms 
are ionized!



Fraction of hydrogen atoms in n=2 level, relative to total. 
(Carroll and Ostlie, Modern Astrophysics)
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Basic concepts - Flux
Flux: Energy passing through a surface of unit area per unit time. 

Units: W m-2 

L� = 3.8⇥ 1026W
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Example:
Luminosity of Sun: L⊙ = 3.8×1026 W

Flux measured at Earth:

F = L⊙ / (4 π D2) 
   = 1350 W m-2



Basic concepts - Intensity
Intensity: Flux per solid angle. Units: W m-2 sr-1.

Example:

Flux of Sunlight: F = 1350 W m-2  

Solid angle, Ω = π (0.25o)2 =0.20 deg2. 
Intensity = F/Ω = 6750 W m-2 deg-2

0.25�
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Or, for Ω in sr: Ω = π (0.25o× π/180)2 sr 
Intensity = F/Ω = 2.3×107 W m-2 sr-1 



Flux and Intensity cont’d

✓
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Flux of radiation with intensity I 
from solid angle dΩ at angle θ with 
respect to normal of surface:

dF = I cos ✓d⌦
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Flux from all directions:

F =

Z
I cos ✓ d⌦

<latexit sha1_base64="sHFvwJREgRHHiPwHdH3pl6Knbfs="></latexit><latexit sha1_base64="sHFvwJREgRHHiPwHdH3pl6Knbfs="></latexit>

Mean intensity:

J =
1
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Z
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Basic concepts - Effective Temperature
For a black body, we have F⌫ =

2⇡h⌫3

c2
1

exp(h⌫/kT )� 1
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Integrating over all frequencies, we have the Stephan-Boltzmann law:

F =
2⇡5k4

15h3c2
T 4 = �T 4
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For a spherical body with radius R, the luminosity is then

L = 4⇡R2�T 4
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For a star of luminosity L and radius R, we define the effective temperature Teff as

Te↵ ⌘
✓

L
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◆1/4
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even though stellar spectra are not, in general, black bodies



Radiative transfer

Intensity  
= I+dI

Intensity  
= I 

dx 

⇢
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Suppose a radiation field is propagating in a medium of density ρ:

Amount of radiation absorbed:  dIabs = κ ρ I dx
κ = absorption coefficient

Amount of radiation emitted:  dIem = j ρ dx
j= emission coefficient

Total intensity change:  dI = κ ρ I dx - j ρ dx

Note: by convention, x increases inwards



Radiative transfer
Intensity  
= I+dI

Intensity  
= I

dx 

⇢
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Total intensity change:  dI = κ ρ I dx - j ρ dx

Define optical depth: dτ = κρdx
dI

d⌧
= I � j
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Introducing the source function, S = j/κ
dI

d⌧
= I � S
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Equation of radiative transfer

dI

d⌧
= I � S
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for source function 

S ⌘ j
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Equation of radiative transfer
dI

d⌧
= I � S
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A formal solution, I(τ), can be obtained by multiplying by e-τ:
dI

d⌧
e�⌧ � Ie�⌧ = �Se�⌧
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d

d⌧
Ie�⌧ = �Se�⌧
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Then integrate over τ:
I(⌧a)e

�⌧a � I(⌧b)e
�⌧b =

Z ⌧b

⌧a

Se�⌧ 0
d⌧ 0
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I(⌧a) = I(⌧b)e
⌧a�⌧b +

Z ⌧b

⌧a

Se⌧a�⌧ 0
d⌧ 0
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Equation of radiative transfer
General solution:

When calculating a model spectrum, the integral generally runs from 
τa=0 (at the surface) to τb≫1 (deep in the atmosphere). Then

I(⌧a) = I(⌧b)e
⌧a�⌧b +

Z ⌧b

⌧a

Se⌧a�⌧ 0
d⌧ 0
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I⌫(0) =

Z ⌧⌫,max

0
S⌫(⌧⌫)e

�⌧⌫ d⌧⌫
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- note that everything is frequency dependent, as specified by the ‘ν’ subscripts.



Equation of radiative transfer
I⌫(0) =

Z ⌧⌫,max

0
S⌫(⌧⌫)e

�⌧⌫ d⌧⌫
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In a real star, Sν(τ) varies with τ.  
In fact, in LTE (Local Thermodynamic Equilibrium), one finds Sν = Bν(T), the 
Planck function. So we need to find the relation between T (temperature) and τ.

Example. Sν(τν) = const:
I⌫(0) = S⌫

Z ⌧⌫,max

0
e�⌧⌫ d⌧⌫
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= S⌫

�
1� e�⌧⌫,max

�
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if τmax >> 1



The T-τ relation
Assumption I: no net energy production in atmosphere. Hence, the flux must 
be independent of τ.

F =

Z
I cos ✓ d⌦ = const
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Assumption II: I depends only on θ. Then the flux is

⌧
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F =

Z ⇡

0

Z 2⇡

0
I cos ✓ sin ✓d�d✓

<latexit sha1_base64="Ygks9aJIiQRdOSyn+SM57Ijzz6k="></latexit><latexit sha1_base64="Ygks9aJIiQRdOSyn+SM57Ijzz6k="></latexit>

= 2⇡

Z ⇡

0
I cos ✓ sin ✓d✓
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Define H ⌘ 1

2

Z 1

�1
I(µ)µ dµ
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Flux is F = 4⇡H
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Moments of the Intensity
J =

1

2

Z 1

�1
I(µ) dµ
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H =
1

2

Z 1

�1
I(µ)µ dµ
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- Mean intensity

- Flux

K =
1

2

Z 1

�1
I(µ)µ2 dµ
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Plane parallel assumption
For most stars, the atmosphere is much thinner than the radius of the star.
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From now on, define τν as the optical depth along a line perpendicular to 
the surface of the star. The Eq. of radiative transfer then becomes

µ
dI⌫
d⌧⌫

= I⌫ � S⌫
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for a light ray at an angle θ with respect to the τ “axis”.

µ = cos ✓
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T-τ relation cont’d
µ
dI⌫
d⌧⌫

= I⌫ � S⌫
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Multiply Eq. of radiative transfer by μ:

µ2 dI⌫
d⌧⌫

= µI⌫ � µS⌫
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We then need to find the T(τ) relation (and hence κ(τ) and j(τ)) that 
satisfies this equation.

Integrate over μ:
Z 1

�1
µ2 dI⌫

d⌧⌫
dµ =

Z 1

�1
µI⌫ � µS⌫dµ
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dK⌫

d⌧⌫
= H⌫
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Assume Sν is independent of μ (second term on r.h.s. disappears):

K⌫ = H⌫⌧⌫ + const
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= F⌫⌧⌫/4⇡ + const
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The grey atmosphere
In general, this equation must be solved numerically. However, 
under simplifying assumptions, analytic solutions are possible.

dK⌫

d⌧⌫
= H⌫
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Assumption II. Radiation field can be approximated as two uniform “hemispheres” 
with intensity Iin and Iout:

J(⌧) =
1

2
(I

in

(⌧) + I
out

(⌧))
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Assumption I:  κ is independent of ν. Then we can drop the ν subscripts.

We thus have the Eddington approximation:

K(⌧) =
1

2

Z 1

�1
I(⌫)µ2 dµ
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=
1

2
(I

in

+ I
out

)

Z
1

0

µ2 dµ
<latexit sha1_base64="A46nTw/ZPnQllfseORI6ZPNTDEs="></latexit><latexit sha1_base64="A46nTw/ZPnQllfseORI6ZPNTDEs="></latexit>

=
1

3
J(⌧)
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K ⇡ 1

3
J
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The grey atmosphere
Eddington approximation: K⌫ ⇡ 1

3
J⌫
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Combining this with

we get

J = 3H⌧ + const
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J = 3H(⌧ + C)
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or

By assumption, the flux (F=4πH) is constant so

dK

d⌧
= H
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= 3H
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The grey atmosphere
J = 3H(⌧ + C)
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For a grey atmosphere, the assumption of no energy production/loss also 
implies J=S, and in LTE we have

(intensity)J = S =

Z
S⌫d⌫ =

Z
B⌫d⌫ =

�T 4

⇡
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The flux is F = 4⇡H = �T 4
e↵
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Boundary conditions yield 2πJ(τ=0) = F = 4πH, hence C=2/3, so

T 4 =
3

4
T 4
e↵(⌧ + 2/3)

<latexit sha1_base64="urUcwNuwYwHqeVku+qwfW+ahwcQ="></latexit><latexit sha1_base64="urUcwNuwYwHqeVku+qwfW+ahwcQ="></latexit>

So then �T 4

⇡
=

3�

4⇡
T 4
e↵(⌧ + C)
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T 4 =
3

4
T 4
e↵(⌧ + C)
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Models for Teff=5777 K

ATLAS9 model: 
   log g = 4.44 (Sun) 
   Z = Z⊙.

T-τ relation



Where does the radiation originate?
I⌫(0) =

Z ⌧⌫,max

0
S⌫(⌧⌫)e

�⌧⌫ d⌧⌫
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Recall solution to eqn. of radiative transfer:

Graph shows the integrand 
vs. optical depth

most of the contribution 
to the observed intensity 
comes from τ≈1.

Although T increases 
inwards, 



Pressure structure
Apply the principle of hydrostatic equilibrium. Assume that force of gravity is 
balanced by pressure gradient (“buyancy”). 
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<latexit sha1_base64="IXGHzeX/hdGiCFLO3i09VcqWdOI=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomIj11BFy4rGFtoQplMJs3QeYSZiVJCPsCNW/0LV+LW3/An/AYnbRbaeuDC4Zx7ufeeMKVEacf5smpLyyura/X1xsbm1vZOc3fvXolMIuwhQYXsh1BhSjj2NNEU91OJIQsp7oXjq9LvPWCpiOB3epLigMERJzFBUJeSLxMxbLactjOFvUjcirRAhe6w+e1HAmUMc40oVGrgOqkOcig1QRQXDT9TOIVoDEd4YCiHDKsgn95a2EdGiexYSFNc21P190QOmVITFppOBnWi5r1S/M8bZDq+CHLC00xjjmaL4ozaWtjl43ZEJEaaTgyBSBJzq40SKCHSJp6Gz/EjEoxBHuX+dZH75QLJ8qgoGiYgdz6OReKdtM/azu1pq3NZJVUHB+AQHAMXnIMOuAFd4AEEEvAMXsCr9WS9We/Wx6y1ZlUz++APrM8fqNyaFg==</latexit><latexit sha1_base64="IXGHzeX/hdGiCFLO3i09VcqWdOI=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomIj11BFy4rGFtoQplMJs3QeYSZiVJCPsCNW/0LV+LW3/An/AYnbRbaeuDC4Zx7ufeeMKVEacf5smpLyyura/X1xsbm1vZOc3fvXolMIuwhQYXsh1BhSjj2NNEU91OJIQsp7oXjq9LvPWCpiOB3epLigMERJzFBUJeSLxMxbLactjOFvUjcirRAhe6w+e1HAmUMc40oVGrgOqkOcig1QRQXDT9TOIVoDEd4YCiHDKsgn95a2EdGiexYSFNc21P190QOmVITFppOBnWi5r1S/M8bZDq+CHLC00xjjmaL4ozaWtjl43ZEJEaaTgyBSBJzq40SKCHSJp6Gz/EjEoxBHuX+dZH75QLJ8qgoGiYgdz6OReKdtM/azu1pq3NZJVUHB+AQHAMXnIMOuAFd4AEEEvAMXsCr9WS9We/Wx6y1ZlUz++APrM8fqNyaFg==</latexit>

P + dP
<latexit sha1_base64="o1p1bA2wZ52g/+758FvP33glRhA=">AAACCnicbVDLSsNAFJ34rPFVdelmsAiCUBIRH7uCXbisYGyhCTKZTNqhM5MwM1FKyCe4cat/4Urc+hP+hN/gpM1CWw8MHM45l3vnhCmjSjvOl7WwuLS8slpbs9c3Nre26zu7dyrJJCYeTlgieyFShFFBPE01I71UEsRDRrrh6Kr0uw9EKpqIWz1OScDRQNCYYqSN1OvAY+i3Yee+3nCazgRwnrgVaYAKJv/tRwnOOBEaM6RU33VSHeRIaooZKWw/UyRFeIQGpG+oQJyoIJ/cW8BDo0QwTqR5QsOJ+nsiR1ypMQ9NkiM9VLNeKf7n9TMdXwQ5FWmmicDTRXHGoE5g+XkYUUmwZmNDEJbU3ArxEEmEtanI9gV5xAnnSES53y5yv1wgeR4VhW0KcmfrmCfeSfOs6dycNlqXVVM1sA8OwBFwwTlogWvQAR7AgIFn8AJerSfrzXq3PqbRBaua2QN/YH3+AH5ImmQ=</latexit><latexit sha1_base64="o1p1bA2wZ52g/+758FvP33glRhA=">AAACCnicbVDLSsNAFJ34rPFVdelmsAiCUBIRH7uCXbisYGyhCTKZTNqhM5MwM1FKyCe4cat/4Urc+hP+hN/gpM1CWw8MHM45l3vnhCmjSjvOl7WwuLS8slpbs9c3Nre26zu7dyrJJCYeTlgieyFShFFBPE01I71UEsRDRrrh6Kr0uw9EKpqIWz1OScDRQNCYYqSN1OvAY+i3Yee+3nCazgRwnrgVaYAKJv/tRwnOOBEaM6RU33VSHeRIaooZKWw/UyRFeIQGpG+oQJyoIJ/cW8BDo0QwTqR5QsOJ+nsiR1ypMQ9NkiM9VLNeKf7n9TMdXwQ5FWmmicDTRXHGoE5g+XkYUUmwZmNDEJbU3ArxEEmEtanI9gV5xAnnSES53y5yv1wgeR4VhW0KcmfrmCfeSfOs6dycNlqXVVM1sA8OwBFwwTlogWvQAR7AgIFn8AJerSfrzXq3PqbRBaua2QN/YH3+AH5ImmQ=</latexit>

dA<latexit sha1_base64="yp+RjqTqw8VC4bqvpVx7E6a2GKw=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVVIRH7uKXbisYGyhCWUymbRDZyZhZqKUkA9w41b/wpW49Tf8Cb/BSZuFth64cDjnXu69J0gYVdpxvqzK0vLK6lp13d7Y3Nreqe3u3as4lZi4OGax7AVIEUYFcTXVjPQSSRAPGOkG4+vC7z4QqWgs7vQkIT5HQ0EjipEuJK8Nrwa1utNwpoCLpFmSOijRGdS+vTDGKSdCY4aU6jedRPsZkppiRnLbSxVJEB6jIekbKhAnys+mt+bwyCghjGJpSmg4VX9PZIgrNeGB6eRIj9S8V4j/ef1URxd+RkWSaiLwbFGUMqhjWDwOQyoJ1mxiCMKSmlshHiGJsDbx2J4gjzjmHIkw89p55hULJM/CPLdNQM35OBaJe9I4azi3p/XWZZlUFRyAQ3AMmuActMAN6AAXYDACz+AFvFpP1pv1bn3MWitWObMP/sD6/AGeTZly</latexit><latexit sha1_base64="yp+RjqTqw8VC4bqvpVx7E6a2GKw=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVVIRH7uKXbisYGyhCWUymbRDZyZhZqKUkA9w41b/wpW49Tf8Cb/BSZuFth64cDjnXu69J0gYVdpxvqzK0vLK6lp13d7Y3Nreqe3u3as4lZi4OGax7AVIEUYFcTXVjPQSSRAPGOkG4+vC7z4QqWgs7vQkIT5HQ0EjipEuJK8Nrwa1utNwpoCLpFmSOijRGdS+vTDGKSdCY4aU6jedRPsZkppiRnLbSxVJEB6jIekbKhAnys+mt+bwyCghjGJpSmg4VX9PZIgrNeGB6eRIj9S8V4j/ef1URxd+RkWSaiLwbFGUMqhjWDwOQyoJ1mxiCMKSmlshHiGJsDbx2J4gjzjmHIkw89p55hULJM/CPLdNQM35OBaJe9I4azi3p/XWZZlUFRyAQ3AMmuActMAN6AAXYDACz+AFvFpP1pv1bn3MWitWObMP/sD6/AGeTZly</latexit>

Small element of the atmosphere with area dA,  thickness dr,  and density ρ: 

Fg = �gdM = �g⇢dA dr
<latexit sha1_base64="a3gndF4z9tdpZt8r0Pdh8J6ve0Y="></latexit><latexit sha1_base64="a3gndF4z9tdpZt8r0Pdh8J6ve0Y="></latexit>

Gravity:

Pressure: Fp = dP dA
<latexit sha1_base64="ilQfVh/hKdWp/4dfAESiJrYMItE=">AAACFnicbVDLSsNAFJ34rPVV69LNYBFcSElFfCyEikVcVrC20IQymUzaoTOTMDNRS8iHuHGrf+FK3Lr1J/wGJ20W2nrgcg/n3Mu9HC9iVGnb/rLm5hcWl5YLK8XVtfWNzdJW+U6FscSkhUMWyo6HFGFUkJammpFOJAniHiNtb3iZ+e17IhUNxa0eRcTlqC9oQDHSRuqVyle9CJ5DpwGb0DnI+kWvVLGr9hhwltRyUgE5mr3St+OHOOZEaMyQUt2aHWk3QVJTzEhadGJFIoSHqE+6hgrEiXKT8e8p3DOKD4NQmhIajtXfGwniSo24ZyY50gM17WXif1431sGpm1ARxZoIPDkUxAzqEGZBQJ9KgjUbGYKwpOZXiAdIIqxNXEVHkAccco6EnziNNHGyA5InfpoWTUC16ThmSeuwely1b44q9bM8qQLYAbtgH9TACaiDa9AELYDBI3gGL+DVerLerHfrYzI6Z+U72+APrM8f0A2dmQ==</latexit><latexit sha1_base64="ilQfVh/hKdWp/4dfAESiJrYMItE=">AAACFnicbVDLSsNAFJ34rPVV69LNYBFcSElFfCyEikVcVrC20IQymUzaoTOTMDNRS8iHuHGrf+FK3Lr1J/wGJ20W2nrgcg/n3Mu9HC9iVGnb/rLm5hcWl5YLK8XVtfWNzdJW+U6FscSkhUMWyo6HFGFUkJammpFOJAniHiNtb3iZ+e17IhUNxa0eRcTlqC9oQDHSRuqVyle9CJ5DpwGb0DnI+kWvVLGr9hhwltRyUgE5mr3St+OHOOZEaMyQUt2aHWk3QVJTzEhadGJFIoSHqE+6hgrEiXKT8e8p3DOKD4NQmhIajtXfGwniSo24ZyY50gM17WXif1431sGpm1ARxZoIPDkUxAzqEGZBQJ9KgjUbGYKwpOZXiAdIIqxNXEVHkAccco6EnziNNHGyA5InfpoWTUC16ThmSeuwely1b44q9bM8qQLYAbtgH9TACaiDa9AELYDBI3gGL+DVerLerHfrYzI6Z+U72+APrM8f0A2dmQ==</latexit>

dP dA = �g⇢dA dr
<latexit sha1_base64="fmXcYzXTSahDu6QQ6jG3OWcu7C4="></latexit><latexit sha1_base64="fmXcYzXTSahDu6QQ6jG3OWcu7C4="></latexit>

dP

dr
= �g⇢

<latexit sha1_base64="JHAhEagEES6cC6YHNfIdndiGOXA="></latexit><latexit sha1_base64="JHAhEagEES6cC6YHNfIdndiGOXA="></latexit>

Equilibrium:

Divide by κ0ρ, where ‘0’ denotes some 
reference wavelength (e.g. 500 nm):

dP

d⌧0
=

g

0
<latexit sha1_base64="IUiFzMyyDhNGSX1sFtmxUjX5h+M="></latexit><latexit sha1_base64="IUiFzMyyDhNGSX1sFtmxUjX5h+M="></latexit>



Pressure structure
Equation of hydrostatic equilibrium:

dP

d⌧0
=

g

0
<latexit sha1_base64="IUiFzMyyDhNGSX1sFtmxUjX5h+M="></latexit><latexit sha1_base64="IUiFzMyyDhNGSX1sFtmxUjX5h+M="></latexit>

Hence, pressure structure can be found by integration

P (⌧0) = g

Z ⌧0

0

d⌧ 00
0(⌧ 00)

<latexit sha1_base64="dI6iInRE+z0yIE1BlJiRBHxg8jU="></latexit><latexit sha1_base64="dI6iInRE+z0yIE1BlJiRBHxg8jU="></latexit>

But κ will depend on both P and T, so the equation must be solved iteratively 
(together with the T(τ) relation).

P is here the total pressure (gas + radiation + turbulence + …). Usually Pgas 
dominates.



Model atmospheres in practice
• Commonly used “standard codes”:  
ATLAS9, ATLAS12 (by R. Kurucz)  
MARCS (Uppsala group) 

• Both codes assume LTE, steady-state. One-dimensional 
(physical quantities only vary in the vertical direction) 

• ATLAS models assume plane-parallel geometry; MARCS 
models are available for spherical geometry 

• ATLAS (Fortran) codes are publicly available; Running a 
model takes a few sec on a modern PC. 
MARCS models can be downloaded via website.



Model atmospheres - examples
T-τ relations (Sun and Yellow Supergiant)

ATLAS9 models



Model atmospheres - examples
P-τ relations (Sun and Yellow Supergiant)

ATLAS9 models



Model atmospheres - examples
Physical depth vs τ

ATLAS9 models



Opacity sources



Opacity sources
• Continuum opacity: bound-free and free-free 

processes, mainly from H and H-  

• In the Sun, the main continuum opacity source is 
bound-free transitions in H-; in hotter stars H 
becomes dominant. 

• Line opacity: bound-bound transitions in atoms 
(and molecules, in cool stars)



Continuum opacity

D. F. Gray The Observation and Analysis of Stellar Photospheres



Line opacity

• Number of atoms in the relevant state of ionization 
(Saha’s equation) 

• Fraction of those atoms that are in the relevant 
state of excitation (Boltzmann’s equation) 

• Probabilities that a transition from one energy level 
to another will occur, so that a photon is absorbed 
or emitted (Einstein coefficients or oscillator 
strengths) 

To calculate this, we need to calculate:



n=1

n=2

n=3

Absorption

Eij = h⌫
<latexit sha1_base64="iPyr5sWyO+5V8hw2smYSaFZ5ZfY=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4KlMR7UYoqOCygrWFzlgymbSNTTJDklFKmK9w41b/wpW49Q/8Cb/BTDsLbT1w4XDOvZzLCWJGlXbdL6ewsLi0vFJcLa2tb2xulbd3blWUSExaOGKR7ARIEUYFaWmqGenEkiAeMNIORueZ334gUtFI3OhxTHyOBoL2KUbaSneXPUPvU3gGh9ATSa9ccavuBHCe1HJSATmavfK3F0Y44URozJBS3Zoba98gqSlmJC15iSIxwiM0IF1LBeJE+WbydQoPrBLCfiTtCA0n6u8Lg7hSYx7YTY70UM16mfif1010v+4bKuJEE4GnQf2EQR3BrAIYUkmwZmNLEJbU/grxEEmEtS2q5AnyiCPOkQiNd5EaLwuQ3IRpWrIF1WbrmCeto+pJ1b0+rjTqeVNFsAf2wSGogVPQAFegCVoAAwmewQt4dZ6cN+fd+ZiuFpz8Zhf8gfP5AyvknYc=</latexit><latexit sha1_base64="iPyr5sWyO+5V8hw2smYSaFZ5ZfY=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4KlMR7UYoqOCygrWFzlgymbSNTTJDklFKmK9w41b/wpW49Q/8Cb/BTDsLbT1w4XDOvZzLCWJGlXbdL6ewsLi0vFJcLa2tb2xulbd3blWUSExaOGKR7ARIEUYFaWmqGenEkiAeMNIORueZ334gUtFI3OhxTHyOBoL2KUbaSneXPUPvU3gGh9ATSa9ccavuBHCe1HJSATmavfK3F0Y44URozJBS3Zoba98gqSlmJC15iSIxwiM0IF1LBeJE+WbydQoPrBLCfiTtCA0n6u8Lg7hSYx7YTY70UM16mfif1010v+4bKuJEE4GnQf2EQR3BrAIYUkmwZmNLEJbU/grxEEmEtS2q5AnyiCPOkQiNd5EaLwuQ3IRpWrIF1WbrmCeto+pJ1b0+rjTqeVNFsAf2wSGogVPQAFegCVoAAwmewQt4dZ6cN+fd+ZiuFpz8Zhf8gfP5AyvknYc=</latexit>

(1): Atom in energy level i +  
      photon with energy Eij = hν

(2): Atom in energy level j,  
      Ej = Ei + hν



n=1

n=2

n=3

Spontaneous emission

Eij = h⌫
<latexit sha1_base64="iPyr5sWyO+5V8hw2smYSaFZ5ZfY=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4KlMR7UYoqOCygrWFzlgymbSNTTJDklFKmK9w41b/wpW49Q/8Cb/BTDsLbT1w4XDOvZzLCWJGlXbdL6ewsLi0vFJcLa2tb2xulbd3blWUSExaOGKR7ARIEUYFaWmqGenEkiAeMNIORueZ334gUtFI3OhxTHyOBoL2KUbaSneXPUPvU3gGh9ATSa9ccavuBHCe1HJSATmavfK3F0Y44URozJBS3Zoba98gqSlmJC15iSIxwiM0IF1LBeJE+WbydQoPrBLCfiTtCA0n6u8Lg7hSYx7YTY70UM16mfif1010v+4bKuJEE4GnQf2EQR3BrAIYUkmwZmNLEJbU/grxEEmEtS2q5AnyiCPOkQiNd5EaLwuQ3IRpWrIF1WbrmCeto+pJ1b0+rjTqeVNFsAf2wSGogVPQAFegCVoAAwmewQt4dZ6cN+fd+ZiuFpz8Zhf8gfP5AyvknYc=</latexit><latexit sha1_base64="iPyr5sWyO+5V8hw2smYSaFZ5ZfY=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4KlMR7UYoqOCygrWFzlgymbSNTTJDklFKmK9w41b/wpW49Q/8Cb/BTDsLbT1w4XDOvZzLCWJGlXbdL6ewsLi0vFJcLa2tb2xulbd3blWUSExaOGKR7ARIEUYFaWmqGenEkiAeMNIORueZ334gUtFI3OhxTHyOBoL2KUbaSneXPUPvU3gGh9ATSa9ccavuBHCe1HJSATmavfK3F0Y44URozJBS3Zoba98gqSlmJC15iSIxwiM0IF1LBeJE+WbydQoPrBLCfiTtCA0n6u8Lg7hSYx7YTY70UM16mfif1010v+4bKuJEE4GnQf2EQR3BrAIYUkmwZmNLEJbU/grxEEmEtS2q5AnyiCPOkQiNd5EaLwuQ3IRpWrIF1WbrmCeto+pJ1b0+rjTqeVNFsAf2wSGogVPQAFegCVoAAwmewQt4dZ6cN+fd+ZiuFpz8Zhf8gfP5AyvknYc=</latexit>

(2): Atom in energy level i +  
      photon with energy Eij = hν

(1): Atom in energy level j



n=1

n=2

n=3

Stimulated emission

Eij = h⌫
<latexit sha1_base64="iPyr5sWyO+5V8hw2smYSaFZ5ZfY=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4KlMR7UYoqOCygrWFzlgymbSNTTJDklFKmK9w41b/wpW49Q/8Cb/BTDsLbT1w4XDOvZzLCWJGlXbdL6ewsLi0vFJcLa2tb2xulbd3blWUSExaOGKR7ARIEUYFaWmqGenEkiAeMNIORueZ334gUtFI3OhxTHyOBoL2KUbaSneXPUPvU3gGh9ATSa9ccavuBHCe1HJSATmavfK3F0Y44URozJBS3Zoba98gqSlmJC15iSIxwiM0IF1LBeJE+WbydQoPrBLCfiTtCA0n6u8Lg7hSYx7YTY70UM16mfif1010v+4bKuJEE4GnQf2EQR3BrAIYUkmwZmNLEJbU/grxEEmEtS2q5AnyiCPOkQiNd5EaLwuQ3IRpWrIF1WbrmCeto+pJ1b0+rjTqeVNFsAf2wSGogVPQAFegCVoAAwmewQt4dZ6cN+fd+ZiuFpz8Zhf8gfP5AyvknYc=</latexit><latexit sha1_base64="iPyr5sWyO+5V8hw2smYSaFZ5ZfY=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4KlMR7UYoqOCygrWFzlgymbSNTTJDklFKmK9w41b/wpW49Q/8Cb/BTDsLbT1w4XDOvZzLCWJGlXbdL6ewsLi0vFJcLa2tb2xulbd3blWUSExaOGKR7ARIEUYFaWmqGenEkiAeMNIORueZ334gUtFI3OhxTHyOBoL2KUbaSneXPUPvU3gGh9ATSa9ccavuBHCe1HJSATmavfK3F0Y44URozJBS3Zoba98gqSlmJC15iSIxwiM0IF1LBeJE+WbydQoPrBLCfiTtCA0n6u8Lg7hSYx7YTY70UM16mfif1010v+4bKuJEE4GnQf2EQR3BrAIYUkmwZmNLEJbU/grxEEmEtS2q5AnyiCPOkQiNd5EaLwuQ3IRpWrIF1WbrmCeto+pJ1b0+rjTqeVNFsAf2wSGogVPQAFegCVoAAwmewQt4dZ6cN+fd+ZiuFpz8Zhf8gfP5AyvknYc=</latexit>

(2): Atom in energy level i +  
      extra photon

(1): Atom in energy level j,  
      + photon,  Eij = Ei + hν



Transition probabilities
Spontaneous emission: Pji = Aji.

Pji = Probability of decay from level j to level i per unit time 
Aji = Einstein coefficient for spontaneous emission

Absorption: Pij = 4 π Jν Bij.

Pij = Probability (per unit time) that a photon is  
        absorbed so a transition from level i to level j occurs 
Jν = Mean intensity of radiation field at frequency ν 
Bij = Einstein coefficient for absorption

Stimulated emission: Pji = 4 π Jν Bji.

Pji = Probability (per unit time) that a photon stimulates  
        decay from level j to level i and emission 
Jν = Mean intensity of radiation field at frequency ν 
Bji = Einstein coefficient for stimulated emission



Relations between Einstein coefficients

Bij = (gj/gi)Bji
<latexit sha1_base64="Mo3d7j7piQZGQz26T3PAMuoim1c="></latexit><latexit sha1_base64="Mo3d7j7piQZGQz26T3PAMuoim1c="></latexit>

Stimulated emission vs. absorption:

gj and gi are the statistical weights of the energy levels 
(e.g. Hydrogen: g(n=1)=2, g(n=2)=8, etc..)

Stimulated vs. spontaneous emission:

Aji = (8⇡h⌫3/c2)Bji
<latexit sha1_base64="VRO71aQHHgouaZWT6FOz/QdmfB4="></latexit><latexit sha1_base64="VRO71aQHHgouaZWT6FOz/QdmfB4="></latexit>

f =
4⇡✏0mc3

8⇡2e2
1

⌫2
gj
gi
Aji = 1.347⇥ 1021

1

⌫2
gj
gi
Aji

<latexit sha1_base64="XvUii+ExQ+JeoqI9GvLGsN7dqw0="></latexit><latexit sha1_base64="XvUii+ExQ+JeoqI9GvLGsN7dqw0="></latexit>

In stellar spectroscopy, we often use oscillator strengths, f-values:



Line emission and absorption coefficients
Emission (into one unit solid angle) per unit volume:

j⌫⇢ =
1

4⇡
NjAjih⌫

<latexit sha1_base64="i2AOqj2MR3hI+7QfRaaHVyiIJLI="></latexit><latexit sha1_base64="i2AOqj2MR3hI+7QfRaaHVyiIJLI="></latexit>

for Nj atoms per unit volume in level j 

Absorption per unit volume:

⌫⇢ = (NiBij �NjBji)h⌫
<latexit sha1_base64="ftTyaD97Sp88xEvtASXPOg1Uc2g="></latexit><latexit sha1_base64="ftTyaD97Sp88xEvtASXPOg1Uc2g="></latexit>

for  
Ni atoms per unit volume in level i and 
Nj atoms per unit volume in level j

Note: stimulated emission is treated as  
         “negative absorption” !



The source function
S⌫ =

j⌫⇢

⌫⇢
=

1
4⇡NjAjih⌫

(NiBij �NjBji)h⌫
<latexit sha1_base64="SmSWxbRHkjCpUP9OB9aJFKxHiEA="></latexit><latexit sha1_base64="SmSWxbRHkjCpUP9OB9aJFKxHiEA="></latexit>

Recall definition of source function:

Divide through by Nj Bji h ν:

S⌫ =
1
4⇡Aji/Bji⇣

Ni
Nj

Bij/Bji � 1
⌘

<latexit sha1_base64="CKjKHemywWByxSDLsca+JpOYgzw="></latexit><latexit sha1_base64="CKjKHemywWByxSDLsca+JpOYgzw="></latexit>

Use the relations between the Einstein coefficients:

S⌫ =
2h⌫3/c2

Nigj
Njgi

� 1
<latexit sha1_base64="zIpJcu141H5Cqd2z6OGw5rz1S2U="></latexit><latexit sha1_base64="zIpJcu141H5Cqd2z6OGw5rz1S2U="></latexit>



The source function
General expression for source function:

S⌫ =
2h⌫3/c2

Nigj
Njgi

� 1
<latexit sha1_base64="zIpJcu141H5Cqd2z6OGw5rz1S2U="></latexit><latexit sha1_base64="zIpJcu141H5Cqd2z6OGw5rz1S2U="></latexit>

In local thermodynamic equilibrium (LTE), we have the Boltzmann eq.:

Nj
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S⌫ =
2h⌫3/c2
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So in LTE the source function is

=Bν,  
the Planck function



Line profiles
Spectral lines are not infinitely “sharp” (δ-functions).

They are broadened by

• Doppler broadening (motions of atoms) 

• Natural broadening (finite lifetimes of energy levels) 

• Pressure broadening (collisions between atoms)



Doppler broadening
Frequency shift for source moving at velocity, v:
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For temperature T, this leads to Gaussian line profiles
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In addition to thermal motions, we may include a 
contribution from microturbulence:
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Natural and pressure broadening
Natural broadening:  
According to Heisenberg’s uncertainty principle, we have

�E�t ⇡ h/2⇡
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If the mean lifetime of an energy level is Δt, we thus expect a line broadening of

�E ⇡ h

2⇡�t
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The line profile is given by the Lorentzian form:
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Natural and pressure broadening
Pressure broadening:  
Profiles are again Lorentzian, similar to natural broadening

�⌫ =
�

4⇡2
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(⌫ � ⌫0)2 + (�/4⇡)2
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Here, 𝚪 is (roughly) the average interaction rate.  

Higher density/pressure ➝ more interactions ➝ broader lines





The Voigt profile
Real line profiles are a convolution of the Gaussian and Lorentzian profiles. 
The result is called a Voigt profile:

Note that the power-law wings of the Lorentzian component always dominate 
far from the line centre. 



Formation of spectral lines
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Z 1
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Back to the formal solution to the equation of radiative transfer:

Usually, one uses a “standard” optical depth, τs, (e.g. at 500 nm)

The absorption coefficient is the sum of line- and continuum absorption, 

⌫ = ⌫,L + C
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Hence, the intensity at a given frequency is found from
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Formation of spectral lines
Hence, the intensity at a given frequency is found from

I⌫ =

Z 1

0
S⌫(⌧⌫ [⌧s])

⌫,L + C

s
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In LTE, we have Sν = Bν(τν), which follows from the T-τ relation.

Note that the LTE assumption may not be valid! 
But if we assume that it is, then things are much easier.



Depth of spectral lines
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Equivalent widths

Intensity ICSource function S1

Observer

Example: light from source at A, passing through cloud at B. 
Cloud has source function S1 at frequency ν.

B A
Observed continuum intensity = IC.

Observed line intensity:

= S1(1� e�⌧⌫ ) + ICe
�⌧⌫
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Equivalent widths
Intensity ICSource function S1

Observer

B A

The equivalent width: W =
�2
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Intensity ICSource function S1
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✓
1� S1

IC

◆
(1� e�⌧⌫ )

<latexit sha1_base64="c8veg6Ob5Eqdi+LvCcOJsCZ10YY="></latexit><latexit sha1_base64="c8veg6Ob5Eqdi+LvCcOJsCZ10YY="></latexit>

so even if the line is very strong, there is a maximum depth:
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- the line centre is never completely “dark” (as long as S1>0)





Equivalent widths
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so

Also, we have                    (for cloud thickness and density h, ρ) so
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Equivalent width of weak lines

Derived here for a very simplified geometry, but a similar 
result is true for stellar atmospheres in general.

For weak lines, the equivalent width is directly proportional to: 
- The number density of absorbers, Nabs. 
- The oscillator strength, f.

But what about stronger lines?
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Equivalent width - saturated lines
W =
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The equivalent width:

The integrand:
1� e�⌧⌫ ⇡ 0 for ⌧⌫ ⌧ 1
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For saturated lines, W depends on the width of the 
saturated part (τν >> 1):

Hence, the equivalent width scales as 

W /
p

log(Nabsf)
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Equivalent width - damping wings
For strongly saturated lines, the wings of the Lorentz profile eventually dominate:
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In the wings of the line ((ν-ν0)2 >> (𝚪/4π)2)

In this case the “width” of the line scales as 

W /
p

�Nabsf
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Note that, in this case, we must know not only f, but also 𝚪 
(the damping parameter) to calculate the line profile.



The curve of growth

Weak lines:
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Strongly saturated lines:
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Saturated lines:


